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MOST IMPORTANT SYMBOLS 
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P a 3 In p/^0 


p x a S in p/dC 
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D 
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C 

dt a dx fly dz 


"nabla" spatial differentiation, dimensions 
l/cm 

grad 0; (Vv) =* div v 
rot v> (vy)v =* (v grad)v 

sign of Laplacian, dimensions l/cm 2 

velocity vector of fluid particle, cm/sec 

pressure determined by convective phenomena, 
bar a dyn/cm^ 

gravity acceleration vector, g ** 981 cm/sec 2 

coefficient of 'change of density with temper- 
ature of fluid, l/deg 

coefficient of change of density with concen- 
tration, cm 3 /g 

temperature, °C 

coefficient of kinematic viscosity of fluid, 
cm 2 / sec 

coefficient of temperature conductivity of 
f luid , cm 2 / sec 

coefficient of diffusion in fluid, cm 2 /sec 
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concentration of admixture, g/cm 3 
element of volume , cm° 
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CHAPTER 1 


GENERAL CHARACTER OP THE INVESTIGATION 


1. Definition, of Gravitational Convection 

Gravitational convection is the term used in hydrodynamics to de- 
note the phenomenon that occurs in the field of universal gravitation 
in connection with the fact that the different particles of a fluid pos- 
sess different densities.! The denser particles sink and the less dense 
particles float in the surrounding fluid. We under stand fluid" to he a 
liquid that possesses surface tension as well as gases. The hydrodynam- 
ical side of the problem lies in the fact that the particles of the • 
fluid do not move in empty space but move among other similar particles 
so that each particle in its motion opcupies only the place of same 
other particles it pushes aside. A "particle of fluid" contains within 
v itself a huge number of molecules . 

The reason for the differences in density usually lies in the dif- 
ferences in temperature or composition, particularly in the concentra- 
tion of the admixtures dissolved in the fluid. In addition to these 
most common reasons for the differences in density, other causes may be 
present (e.g., electrostriction, thermomagnetic (ref. 3), and thermo - 
electrostatic effects). The most widely studied form of gravitational 
convection is the temperature (or heat) convection and for this reason 
it is desirable to investigate this phenomenon in more detail. It is 
not difficult to relate it with the diffusion (or concentration) form 
of convection since the corresponding quantitative expressions reveal 
great similarity. 

The convection is called free if the stresses (including the normal 
pressure) to which the fluid is subjected at its boundaries do not per- 
form mechanical work, that is, if all the boundaries of the fluid are 
stationary. The case where this is not true is termed forced convection. 
It corresponds to the action on the fluid of some mechanical suction 
pumping the fluid. 


^Besides gravitational convection there are the phenomena of elec- 
trostatic convection (ref. l) and magnetic convection (ref. 2) that 
arise in the electrostatic and magnetic fields. 
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There may also he encountered an intermediate case where free con- 
vection is imposed on the forced motion of the pumped fluid, (ch. 5, 
sec, 4). 

The present report concerns itself almost exclusively _with free 
convection. 

2. M* V, Lomonosov - Initiator of Scientific Problem 
of Thermal Gravitational Convection 

The first investigator to approach scientifically the phenomena of 
heat convection in nature -was the academician M. V. Lomonosov, who first 
correctly explained the fundamental mechanism of meteorological phenom- 
ena. In his work "On Atmospheric Phenomena Arising from Electrical 
Forces" (1753), he discussed the meteorological phenomena in detail, 
adduced proofs of the correctness of his explanations, and urgently ad- 
vocated the scientific views he had worked out. 

After first pointing out the importance of the prediction of the 
weather for human activities, and the difficulties and unpopularity of 
such predictions, Lomonosov continues, "I have often wondered when I ob- 
served that in the winter time after the thawing of the air in which 
snow bad melted terrible frosts suddenly set in, which, after a few 
hours, made the mercury in a thermometer drop from 3° or 5° above freez- 
ing 2 to 30° below freezing and at the same time occupy a space of more 
than 100 miles. Comparing these with the winters of 1709 and 1740 which 
were fierce almost over the entire European continent, I wondered even 
more and very greatly desired to seek the cause of such a sharp change. 
Most remarkable of all was the fact that thaws almost always occur with 
air motion and a strong tendency of the weather to cloudiness , while on 
the contrary, a frost begins to show its rigor after the sky has cleared" 
(pp. 13-14). 

Lomonosov also noted that fluids are more heat conductive than 
solid bodies when heat is conducted upwards: "In agreement with sound 

considerations is the fact that the fluidity of sea water and the degree 
of temperature above or near the freezing point is maintained for a 
large extent of the sea and also for the subterranean heat which passes 
through the sea bottom. Thus, the open seas that are free from ice im- 
part more heat to the winter air than mother earth locked in a frozen 
shell and covered with deep snows which bar the underground heat" 

(p. 15). 

^ The author refers to a 150° temperature scale (instead of the 100° 
Celsius scale). 
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Lomonosov asked further, "What is the reason that sea winds stop 
“blowing?" And he answered: "In giving this question my attention I ob- 

served a difference of heat and density between the lower air and that 
which moves upward. That the heat is greater below than above, or 
speaking generally, in the winter a stronger cold exists above the clouds 
than below is a judgment obtained by an investigation artificially per- 
formed and confirmed by agreement with the atmospheric phenomenon. The 
upper part of the atmosphere itself is much less heated by the sun than 
the lower part. Moreover, the winter surface heated by the sun and the 
rays reflected by it have a greater effect in the lower atmosphere than 
in the middle or upper atmosphere. The summer hail and the frozen sum- 
mits of high mountains reveal the truth of this to the eyes and impress 
on us the fact that in the midst of summer there is always a rigorous 
winter not very high above our heads." 

Referring to geodetists, who, in the Peruvian mountains "measured 
the earth's sphere and suffered from frosts and exuded perspiration," 
Lomonosov continues, "By a prolonged and painstaking skill and an accur- 
ate computation, it has been shown that at a known and definite height 
of the entire atmosphere there reigns a rigorous and continual frost 
that covers the summits of high mountains with a perpet ual snow. If 
this extends continuously under the very equator, it is easy to conclude 
how great the force of the frost is in our climate near the same summit." 

Having remarked on the phenomenon of hail, Lomonosov continues, 
"However, this in truth occurs and clearly shows the terrible frost pro- 
duced at altitude in the snow nucleus of the falling hail." Remarking 
that in Yeniseisk frosts of 131° below freezing were observed (-87.5° C), 
assuming that the same temperature prevails at the height of 1 verst 
(1.0668 km), and computing the corresponding densities of the air, 
Lomonosov arrived at the following conclusion: "Therefore, it is clear 

that the lower atmosphere is often less dense and proportionately lighter 
than the upper. This state of the air, which sould be studied further, 
is sufficiently evident from Aercmetic rules and is also confirmed by 
examples. I have explained first that of all the motion of the air in 
mine pits arises from a different density, where at 50 or less sajenes 
(l sajene = 2.134 meters) its flow arises from these causes. Moreover, 
even in houses in winter, the warm air near the stove rises and, the 
cool air near the windows descends, a phenomenon which can easily be 
seen by observing the motion of smoke. Therefore, to a height, 
which extends over 100 or 200 sajene s, the air of the lower weight 
opposes the natural laws. It descends and gradually mixes with the 
lower air casting a severe frost over us. It descends without appreci- 
able motion since in one second it hardly moves several inches, and in 
two hours it drops 100 or 200 sajenes contending with the currents that 
rise to meet it." As an experimental proof of this hypothesis, Lcmonosov 
refers to the observation of fumes issuing from pipes j but still more 
profound is the following remark: "A second effect of these motions is 
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the clearness of the sky, for although here the density of the air is 
largely a casual factor, by their rising and sinking, the clouds spread 
oyer a large area, then thin out and disappear • Thus, the sudden winter 
frosts arise by the lowering of the middle atmosphere. Therefore, the 
fact that it begins without any motion of the wind ceases to be remark - 
able. Such a drop of the middle atmosphere into_the lower must occur in 
the summer, a circumstance which the disposition of the air tending to- 
ward this drop confirms sufficiently. . Let us assume that the air, in a 
state to produce hail in summer, is at a height of 300 sajenes and con- 
tains within it a temperature of .50° below freezing (which in all prob- 
ability may be affirmed) } at which time the air in the lower atmosphere 
near the ground is heated to 40° or 50° above the previously mentioned 
freezing point; Then, in accordance with my experiments and computations, 
the density of the upper air as compared, with the . lower air is of the 
ratio 6:5} but by the pressure of the upper air, the lower air is com- 
pressed and becomes more dense by about one-tenth part. In this state, 
by the immovable laws of nature, the upper part of the atmosphere should 
descend deep enough into the lower part so when mixed with the warm 
air, it will come to equilibrium. This flow of rising and descending 
air must occur as often as the weight of the upper atmosphere exceeds 
the weight of the lower} in addition, the lower air must meet- the upper 
and contend with the upper at a different height and different tendency 
in proportion to the height and difference in heat and density. Finally, 
this will occur more easily when, by the strong summer heat, the surface 
of the earth is heated, and the air lying above the earth warms and ex- 
pands at the same time that an exceeding great cold above the clouds con- 
denses the middle part of the atmosphere . " 

A little further on Lomonosov continues, M But_ as soon as the lower 
air expands by the force of the heat and becomes more rare, the cold and 
dense part of the atmosphere must descend downward and the lower air 
rise upward in its place. I shall try to present _i?he phenomena of these 
interchanges as briefly as possible to your mental eyes, as far as may 
be understood from my words and as you yourselves have seen end can re- 
member. When the upper . atmosphere of a large weight descends, to the 
bottom, it does not spread everywhere at the same horizontaljplane, but 
for different circumstances of the solar rays, according to the position 
of the clouds and the unevenness of the ground ...surf ace, it produces a 
different rarefaction in the air. And so it descends in places such as 
the shade of a mountain, or a high building, or a thick cloud where the 
air is thicker and heavier. It rises upwards where the slope of a moun- 
tain is turned to the motion of the sun, or through cloud openings, and 
is heated by the impinging rays. For this reason, when the thunder 
clouds ascend before the rain, a large part of the lower clouds move up- 
ward and downward like hills} fleecy vapors spread toward the earth and 
eddying whirls howl} dark abysses open} and above these phenomena the . 
clear sky is covered with a dark blue color. All these circumstances 
then show, that when a part of the ..middle atmosphere filled with hot 
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vapors descends and covers the clearness of the sky with a hlue darkness., 
penetrates the lower clouds with its uneven descent, passes through these, 
and contends with the encountering air" (p. 22). 

After several lines Lomonosov again points out, "The more the lower 
pari: of the atmosphere is heated, the more readily the upper part lowers 
itself into it. Whichever part feels less heat rarifies to a lesser de- 
gree. This can conveniently he ascertained from the rise "of the mercury 
in a thermometer and the lowering of the atmospheric pressure. When the 
solar rays intersect through the clouds, the air cools in the shade of 
the clouds and must warm up. For this reason, it would be necessary for 
the air to move from the edges of the shade to its center. A similar 
action should follow from the growth of falling rain drops because the 
humid vapors and the water particles unite and heat the large quantities 
of air in them. However, such motion of the air toward the center of 
the shade hardly ever occurs, but I do not doubt that the contrary has 
been the case as observed by all of you. For the advancing clouds 
charged with lightening not only are preceeded by rushing motions but also, 
passing by, give forth strong winds to the side, leaving behind a still- 
ness over a large area. Where does this stream of air arise? It arises 
from the pressure of the upper atmosphere, which in campressing the 
lower is broken up on all sides and strives particularly toward that 
side where it encounters the least resistance" (p. 24). 

Turning to the effect of the local topography Lomonosov states fur- 
ther, "The air in mountainous localities seldom is in equilibrium, be- 
cause it must rise in places facing the sun, descend in the shade, and 
thereby more easily draw to itself a part of the cold and heavy upper 
atmosphere which accelerates its motion and moves it nearer to the 
ground. By the agreement of so large a number of changes and phenomena, 

I hope to have shown that my theory does not rest on a weak foundation. " 

After several pages, Lomonosov returns to the subject of convection. 
"After the setting of the sun, the lower atmosphere cools more rapidly 
than the earth's surface, which is saturated with the moisture of vegeta- 
tion. Through this, the cold air, on com in g in contact with the still 
warm earth, is heated, expands, becomes lighter, and rises until, on be- 
ing cooled, it comes to equilibrium" (pp. 39-40). 

When he came forward with this exhaustive explanation of convective 
meteorological phenomena, it was naturally impossible for Lomonosov not 
to encounter oppositions and objections. For this reason, he found it 
necessary to give in addition "proper explanations on the matter of elec- 
trical atmospheric phenomena" (p. 65). The most important and colorful 
of these explanations is the first: "The subject of the descent and as- 

cent of the atmosphere has been briefly touched upon by Mr. Franklin in 
his letters. However, that I owe nothing to him in my theory as to the 
cause of an electrical force in the air is clear from the following 
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paragraphs : (1) concerning the descent of the -upper air, I had already- 

given it thought and discussed it several years ago. I saw the Franklin 
papers for the first time when my discourse was almost completed, in 
which matter I refer to my colleagues; (2) the descent of the upper 
atmosphere was proposed by Franklin in a report of only a few words. I 
deduced my theory from the sudden setting in of .great frosts, that is, 
on the basis of circumstances that are unknown in Philadelphia , where 
Franklin lives; (3) I proved in a memorandum that the upper air is not 
only able, but at times must descend into the lower airj and (4) on this 
basis I have explained many phenomena connected with the thundering 
force, of which no trace is mentioned by Franklin. All this is added 
here not because I want to put myself above him, but is added in order 
to follow the wish of my colleagues, who demanded that I subjoin my 
justification" (p. 65). 

The theory of M. V. Lomonosov is based on carefully worked tests: 

XV. "On Multiple Causes," page 17, line 31. The tests for determining 
the different densities of the air at different degrees of heat, for a.11 
otherwise equal conditions, were studied by me in manometric tubes of 
equal width without bulbs and without using other vessels. Although 
the different quantity of vapors changed the proportion of the expansion, 
the average was found to be correct. That is, air 50° below freezing 
as compared with air which is warm at the aforementioned freezing point 
is in volume ratio 10:11, but as compared with air at 50° above the 
freezing, the warm air is in the ratio of 10:12 or 5:6. Hence, to 4° 
above the freezing there corresponds a volume of- air of 554, and to 131° 
below freezing, there corresponds a volume of air of 419. For this rea- 
son, the volume of the former to that of the latter will be 554:419, or 
almost 4:3. That is, the air of the lower atmosphere will be lighter 
than the other by a one- fourth part. V. "My Explanation," page 18, line 
8. "In addition to the motion of the air which occurs in mines, ex- 
plained in the new Commentaries in the first volume, there are natural 
proofs of the ascending and descending of air in the free atmosphere" 

(p. 66). Further on, Lomonosov presents, explains, and illustrates the 
case of diurnal winds on the Walds tatt Sea in the Alps. He completed 
this example with the words: "Moreover, in sultry summer days the 

ground surface apparently swells because the rising warm air mixes with 
the descending cold air" (p. 67). (See also ch. 13.) 

After a new computation of the coefficient of expansion of the air 
in "Explanation VI," Lomonosov in "Explanation VII" gives a figure which 
leaves no doubt that he discovered, understood, and quite correctly ex- 
plained the idea of convection. 

In another of his works, Lomonosov again returns to the convective 
phenomena: "On the Free Motion of Air Observed in Mines from the First 

Volume of New Commentaries, ” 1763, (ref. 4). Here he describes and ex- 
plains two cases of convection that take place in mines if the following 
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conditions axe observed: (l) the mine must have two openings on the 

bottom surface situated at different heights above the sea level, and 
(2) the temperature of the free air must differ from the temperature of 
the ground layers cut through by the mine (ch. 5, sec. 4). 

The excerpts quoted previously show that M. V. Lomonosov was the 
first person to study carefully the phenomenon of heat convection as a 
result of many years of observation, to explain correctly this phenom- 
enon, to lay the foundations of meteorological phenomena, and to put 
forth much effort in popularizing the laws revealed by him. 

These facts imposed upon Soviet physicists their duty to continue 
unceasingly the investigations of Lomonosov and, with modern means, to 
study the phenomenon of gravitational convection, and to extend the 
scope of the problems that it emb races - 


3. External and Internal Problems 

Among all the possible cases of thermal gravitational convection 
the cases that have been subjected to the greatest engineering and tech- 
nical investigation are those where the heater used for this purpose 
had much smaller dimensions than those of the vessel "used to contain the 
fluid. The study of these cases was primarily conditioned by the prac- 
tical demands of steam boiler plants . The combination of these condi- 
tions is included under the general concept of the "external problem of 
heat 'convection." 

The contrary cases, where the dimensions of the heater or the 
cooler are comparable with the dimensions of the vessel conta ining the 
fluid, are combined under the general concept of the "internal problem." 
Of these cases, the one subjected to the most detailed engineering and 
technical investigation is the case of the transfer of heat from one 
solid body to another through a thin layer of fluid (ref. 5, p. 86), and 
from the wall of a pipe to the fluid moving within it (ref. 5, p. 87 and 
ff.) 


The technical character of these investigations is conditioned by 
the aim that they pursue, namely, to give an over-all estimate of the 
quantity of heat transferred by the whole convective process rather than 
going into the details of the motion of the fluid particles and the dis- 
tribution of their temperatures. The source for these investigations is 
frequent and diversified tests, and the results are generalized by the 
methods of the theory of similarity or theory of models. 

With this engineering approach to the phenomena of gravitational 
• convection, the physico-mathematical approach is of great significance. 
In the latter approach, the hydrodynamic side of the process and the 
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temperature distribution are studied, in detail. The investigation is 
conducted both, by experimental methods and by the mathematical devices 
of classical hydrodynamics . 

The two most important experimental methods sire the hydrodynamical 
methods of recording the motion of light- scattering particles introduced 
into the transparent fluid, and the optical Methods based qn the depend- 
ence of the index of refraction of a transparent fluid on its density 
(temperature , concentration) . The value of these methods depends on the 
fact that with a correct test set-up neither the introduced particles 
nor the light rays appreciably distort the phenomenon under investiga- 
tion. Of lesser value are the thermal methods whose application is 
attended with the flow distorting behavior of the fixed thermometers in 
the fluid (thermocouples or resistance thermometers). 

The mathematical devices of classical hydrodynamics consist of 
skillful methods for solving the complicated hydrodynamic equations of 
heat convection. Of these, the first method used was that~of Raleigh 
which reduces to the finding of solutions that are periodic^ in space 
(ref. 6). This method was applied by numerous investigators (ref. 7) 
who were primarily guided by their aim to solve certain problems of 
meteorology. There are also a few known successful attempts to inves- 
tigate mathematically problems of the external type (e.g., ref. 8). 

The difficulties, arising in the mathematical treatment for solving the 
problem, have attracted great mathematicians to whom special technical 
problems were foreign. For this reason, the analysis was usually 
limited to the mechanical phase of the phenomenon and only in rare cases 
did it touch its thermal phase. 

Thus, there arises the urgent need of investigating whether there 
are any cases of an accurate solution of the equations of thermal con- 
vection and the associated question of the methods of solving these 
equations approximately. The investigation itself should not be limited 
to the mechanical side of the problem but must also give a clear account 
of its thermal (or concentrations!) aspect. 


4. Practical Value of Chosen Case 

An exact solution of the equations of thermal convection may be ob- 
tained for a case that has great practical -value. This is the case of 
the thermal convection in a cylindrical vertical cavity heated from be- 
low or on a side. The practical value of this case is determined by the 
following circumstances: 

(l) The heat which is propagated in the earth's core from the 
pyrosphere to the surface passes at same places through cavities con- 
taining liquids or gases. In these, a convective motion may arise so 
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that a certain amount of heat is transferred upwards and is added to the 
heat transferred by the molecular thermal conductivity. The distribu- 
tion of the temperatures both within the cavity and in the surrounding 
mines depends on the form and intensity of the convective motion. Prac- 
tically the most important case of such a cavity is a vertically drilled 
well. Geologists often judge the distribution of the temperatures with- 
in the layers of the earth’s core by the distribution of the temperature 
in the fluids filling such wells. However, the temperature of the fluid 
in the well may actually be determined not only by the temperature of 
the neighboring layers but also by the convective motion in the fluid. 

A consciously critical approach to the results of the measurements 
sharpens the most important geothermal concepts (ref. 9). 

(2) Many plants make use of chemical processes in liquids and gases 
accompanied by changes of temperature or concentration. Reservoirs hav- 
ing the form of tanks or columns are often used. Under certain condi- 
tions convective phenomena may be excited in these containers either 
spontaneously or by artificial means. Sometimes these phenomena are de- 
sirable j at other times they are injurious. In any case, their conscious 
control improves or accelerates the production. 

(3) In the casting of large articles the process of cooling the 
casting does not occur instantly. The cooling of a casting through the 
wall of the casting mold may bring about convection phenomena in the 
casting. The convection complicates the process of cooling and solid- 
ification and may serve as a cause of desirable or harmful forms of 
shrin k age phenomena. A conscious control of the convective processes 
opens up a way to reduce the spoilage in casting. The characteristic 
feature of convective processes here is their steady regime. Here also 
belong the cases of the seasonal freezing of water tanks (of certain 
forms ) . 

( 4 ) Production installations often have the form of heated and 
ventilated pits. The conditioning of the air in these chambers, intro- 
duced for the purposes of professional hygiene, cannot be correctly de- 
signed if the phenomena of thermal convection and diffusion are not con- 
sidered. In this book the case of convection in a cylindrical channel 
is investigated by physico-mathematical methods and contains brief con- 
clusions regarding engineering and technical applications. 
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CHAPTER 2 

FUNDAMENTAL EQUATIONS OF GRAVITATIONAL CONVECTION 


1. Physical Sense of Different Terms of Each. Equation 


The process of gravitational convection is described by the follow- 
ing equations (ref. l): 


= - ^ + g(8© + PjC) + vAv 

(2.1) 

9 + v X V9 - A 9 

(2.2) 

C + v X VC =. DAC 

(2.3) 

p + V(pv) = 0 

(2.4) 


The first of these equations was obtained from the Navier-Stokes 
equation. The physical meaning of each term of this equation may be 
ascertained if the equation is multiplied by the mass of an element of 
volume ("particle") of the fluid pdr; where it is useful to bear in 
mind that in hydrodynamics , two methods of describing the motion of a 
fluid are applied. The so-called Lagrange method studies the paths of 
the different individual particles of the fluid during the entire proc- 
ess. The Euler method considers the distribution of the velocities in 
the entire volume of the fluid at a given instant. 

The term v represents the acceleration of a particle of volume 
dr at a given point of space at a given instant. It may be called the 
Euler acceleration. In connection with the fact that the expression 
pvdr enters in the equation of the second law of Newton, this term of 
the Navier-Stokes equation may be called the Newtonian term. 

The expression [ W]v = i Vv^ - [ v[W] ] in steady flow represents 

"""" Ci 

the acceleration of a material particle of mass pdx moving along a 
given trajectory. It may be called the Lagrange acceleration. The com- 
ponents ^ W 2 and - [v[W]] are analogous to the tangential and normal 
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So 


accelerations of the particle. The tangential component arises in the 
nonuniform motion of the material particle along its path. The normal 
component arises in the motion of the point along a curvilinear path. 

The term [W]v, in particular, drops out in the case where all the par- 
ticles of the fluid move rectilinear ly , uniformly, and along parallel 
paths. The parallel requirement is added "because, for example, in a 
radial spreading of an incompressible fluid from a single source the 
motion of all the particles, although rectilinear, is not uniform: the 

farther away from the source the less the velocity. 

1 2 

In connection with the fact that the expression ^ v pdx enters in 

the Bernoulli hydrodynamic equation, the expression ^ Vv 2 may be called 
the Bernoulli force. 

The entire left side of equation (2.1) may be called the inertia 

part . 


The expression -Vpdx represents the force of the hydrostatic 
pressure and may be called the Pascal force. 


If the fluid does not everywhere have the same temperature 0 and 
concentration C of the additive mixed with it, its density will be dif- 
ferent at various points and will be given by p = po(l + P0 + PiC) 
where pq denotes the density of the solvent for 0=0° and C = 0, 

P denotes the temperature coefficient of the density and P^_ denotes 
the concentration coefficient of the density. Thus the expression 

gp o (p0 + P-l C) (2.5) 

represents the relative weight of a fluid particle dx . We do not con- 
sider here the phenomena of thermodif fusion. This expression may be 
called the Archimedes force. It determines the gravitational character 
of the phenomenon under consideration. 

The expression vpdxAv represents the force of viscous friction 
acting on the particle dx. This expression may be called the 
Poiseuille force. 

From this analysis it is seen that equation (2.1) represents a sum- 
mary expression of a number of elementary generally known physical laws 
referring to one gram of fluid and holds true for any particle of fluid. 

This equation is not entirely accurate in the following respects. 
Actually, the density of the fluid in the Archimedes force is given by 
the more complicated expression as follows: 
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„ , dp . , 1 d 2 p _2 . , Sp n , 1 d 2 p n 2 

P=PO+^e®+2^ 0 + ’” + 3c C + 2 ^2 ° + *" + 


d 2 p 

d^dp 


90 +• • •+ ^ p +• • ■ 


( 2 . 6 ) 


Of this expression, equation (2.1) uses only the first approximation 

= 0 


1 x = 
p x 3© 




(2.7) 


Moreover, hearing in mind that 00, 0^0 are usually not large in 
comparison with unity, p may he set equal to pg. 


The equation of heat conduction (2.2) is called the Fourier- 
Kirchhoff equation. If this equation is multiplied hy pcdr, the first 
term represents the quantity of heat expended per second for heating an 
element of volume, and the second term represents the quantity of heat 
carried away hy convection from this element of -volume . On the right 
side the expression cXASpdr = !A9dr represents the quantity of heat 
flowing up to an element of volume hy heat conduction of the surround- 
ing particles of fluid. Thus, equation (2.2) expresses the law of con- 
servation of energy. The coefficient x is called the coefficient of 
temperature conductivity (thermal diffusivity) . 


The equation of diffusion (2.3) is sometimes called the Fick equa- 
tion and formally agrees with equation (2.2). The meaning of the dif- 
ferent terms is analogous to the meanings of the corresponding terms of 
equation (2.2). As a whole, equation (2.3) expresses the physical law 
of the conservation of matter (admixture) . The coefficient D is called 
the diffusion coefficient. 


The equation (2.4) is called the continuity equation, and likewise 
expresses the law of the conservation of matter (that of the basic fluid 
or solvent instead of the admixtures). 

Equations (2.2), (2.3), and (2.4) accurately express the elementary 
physical laws they represent. Equations (2.l) to (2.4) are true both 
for laminar and turbulent motions of the fluid. 






2. Mathematical Character of Equations 

In equations (2.l) to (2.4), it is assumed that we are dealing with 
a fluid whose physical properties , (i.e., the parameters) are known. 


4281 



NACA TM. 1407 


13 


The unknowns in these equations are as follows: the velocity v, the 

pressure p, the temperature 0, and the concentration C , altogether 
four functions, one of which is vectorial. For their determination, we 
have a precisely sufficient number of simultaneous equations, one of 
which is vectorial. The arguments of these functions are the coordi- 
nates and time. Equations (2.1), (2.2), and (2.3) are partial differ- 
ential equations of the second order (through the Laplacian A); equa- 
tion (2.4) is of the first order. Equations (2.1) to (2.4) are homo- 
geneous} they do not contain free terms. 

All of these equations are nonlinear. The nonlinearity iB recog- 
nized both in the structure of the equations themselves and in the non- 
linear properties of the physical parameters of the fluid. 

Actually, all the parameters of the fluid are functions of the tem- 
perature. Generally, the viscosity v is most strongly dependent on 
the temperature and also on the concentration of certain admixtures. To 
a lesser degree, the parameters of the fluid generally depend on the 
pressure p. 

The nonlinear structure of the equations is reflected by the follow- 
ing terms: the Lagrange term (eq. (2.1)), and the convective terms 

(eq. (2.2)) and ( 2 . 3 ), and the entire eq. ( 2 . 4 )). All nonlinear prop- 
erties of equations (2.1) to (2.4) are connected with their coordinate 
terms} the terms depending on the time (v and §) are linear. 

Methods for solving nonlinear differential equations giv in g an 
accurate solution in a finite number of operations are unknown. It is 
this difficulty which explains why the physico-mathematical side of the 
phenomenon has been relatively and moderately investigated. 

One of the properties of a nonlinear homogeneous equation is that 
if we have found two solutions of such equation by same method, the sum 
of these solutions will not solve this equation. The fundamental prop- 
erty of linear homogeneous equations is the converse of this property 
which reflects the physical principle of superposition. Hence, it Is 
still necessary to defer attempts at an accurate solution of equations 
(2.l) to (2.4) in their general and rigid form. 

It is necessary, in the first place, to limit oneself to those 
cases where it is possible to assume that the parameters of the fluid 
either do not depend on the temperature and pressure or depend on them 
to such a slight degree that the general character of the phenomenon is 
undisturbed by this dependence. This is called parametric 1 1 nearization 
of the equations. In this case, the problem may be approximately solved 
for the entire setup with improvements in the accuracy at different 
places of the setup in correspondence with the temperature and pressure 
there obtained. In general, this restriction is not too troublesome 
(except ref 2). 



14 


HACA 1M 1407 


In the second place, it is necessary to investigate carefully those 
cases where it is possible to remove the nonlinearity from the structure 
of the equations, that is, to bring about their structural linearization . 

The previously mentioned difficulties of solution of the nonlinear 
equations led to the parametrical linearization of equation (2.4) as 
early as 1903 (ref. 3) . It was established that, within the range of 
the fundamental properties of convective phenomena. It Is possible to 
assume Vp = 0 in the systems of (2.l) to (2.4) everywhere except for 
the Archimedean term In equation (2.1). As a result , equation (2.4) 
becomes 

p + v(pv) = p + x v + pW = o 

and assumes the form 


W = 0 (2.8) 

As mentioned previously, the structural linearization of equation 
(2.l) is brought about when the Lagrange acceleration is equal to zero 
and the paths of the fluid particles (the "lines of flow") form a par- 
allel bundle. If we take the z-axis of a Cartesian system of coordin- 
ates parallel to this bundle, we have 


v = v z = v(x,y) 


v 2 0 
x 


v = 0 

y 


c)v 

SJ = 


0 


(2.9) 


Under the condition of the structural linearization of equation 
(2.1), equations (2.2) and (2.3) may be "structurally linearized" if- 
the z- component of the temperature and concentration gradients are con- 
stant, that is. 


a 


bz 2 


d 2 C 

dz 2 



( 2 . 10 ) 


Experience shows (ch. 10), that this is the typical case. 
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In view of the fact that the majority of the tests have been con- 
ducted with heat convection, and by assuming that in industry also heat 
problems are more important than those of diffusion, and also by taking 
into account the symmetry of the temperature and diffusion in the equa- 
tions, further study will consider only temperature. Wherever necessary, 
the diffusion problems may be investigated along the same pattern. The 
phenomena of thermodiffusive convection require independent investigation. 
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CHAPTER 3 

"FUNDAMENTAL" (LINEARIZED) EQUATIONS OF 
GRAVITATIONAL CONVECTION 

1. Form of "Fundamental" Equations 

Bearing in mind the parametric and structural linearization of the 
initial equations carried out in the preceding paragraphs and confining 


ourselves to thermal convection we obtain, for the 
flowing system of linear homogeneous equations 

steady state, the fol- 


°--f 

X ^ + g cos a {30 + vAv 
02 

(3.1) 

* 

0 = - 

“ * ^ + S sin a,pe 

(3.2) 



Av = xA 9 

(3.3) 



If- 0 

(3.4) 


Account was taken of relation (2.9) in virtue 
equations are scalar and there has been put 

of which all these 




(3.5) 



The YZ plane has been taken through the gravitational acceleration 
vector g which forms the angle a (fig. l) with the Z-axis. It is un- 
derstood that equations (3.1) to (3.4) describe only the laminar motion 
of the fluid. 
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2 . Remarks on the Experimental and Mathematical Significance 
of "Fundamental" Equations 

Much effort has been expended in proving experimentally the admissi- 
bility of the basic assumptions -which underlie the setting up of a sys-' 
tern of equations (3.1) to (3.4)(chs. 10 and 13). As a result, it has 
been found that these assumptions are actually typical for a wide range 
of experimentally produced thermal convection phenomena. At the same 
h time, the linearity (and homogeneity) of these equations makes possible 

w their elementary solution in closed form. We thus find, in this sytem 

of equations , the key to the detailed physico-mathematical investigation 
of a certain class of experimentally producible phenomena. For this rea- 
son, the system (3.1) to (3.4), its solutions, and those conditions which 
determine the occurrence of this case will be termed "fundamental" in the 
following paragraphs. 

This term is further justified by the following considerations. The 
degree of accuracy of an experimental check of any theoretical assump- 
tions can never be considered perfect. In any experiment sma.i 1 devia- 
tions will always exist from the ideal case that is described by the 
*? equations. It is possible to distinguish a wide group of experimentally 

e! produced phenomena in which the ideal situation will form the principal 

* and essential nucleus while the previously mentioned small phenomena 

will play a negligibly small part. It is this group which serves as the 
proof of the correctness of the basic assumptions. But, in addition, 
a second still wider group of phenomena can be distinguished in which 
these R-mal 1 deviations will no longer be negligible owing to their in- 
sufficient smallness. These, however, can be mathematically taken into 
account as nonlinear corrections to the solution of the linearized 
system (3.1) to (3.4). 

Thus, equations (3.1) to (3.4) not only play an independent part in 
giving an exact solution of the problems of experimentally produced 
phenomena but also play the very important auxiliary part of providing 
a basis for the mathematical solution of not strictly linear problems 
by the method of successive approximations (ch. 15). 


3. Case of Vertical Channel 

Bearing in mind that the experimental verification of those cases 
for which sin a is not small encounters great difficulties (ch. 17), 
we assume that the channel is vertical, the Z-axis col 11. near with the 
acceleration of gravity vector g, and the angle a = ji. Then 

[gv] = 0 


cos a, = - 1 


(3.6) 
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We likewise assume, for the present, that 5p/dz = 0 (ch. 5, sec. 4). 
The scalar equations (3.1) to (3.4) then become 

- gpe + vAv =0 (3.7) 

Av - xA0 = 0 (3.8) 

Eliminating from these equations either 9 or v by applying the 
Laplace operator to one equation, we obtain quite identical equations 
in v or 0, for example: — 



g(3Ay - xvAAv = 0 


or 

AAv - k 4 v = 0 

( 3 . 9 ) 

where 

II 

( 3 . 10 ) 

The process of elimination was possible because of the commutativity 
of the operations of multiplication and of forming the Laplacian. For 
eamaple, in eliminating 9 , it was assumed that 


gpAe = A(gpe) 

(3.11) 


The result does not depend on whether the function of the coordinates 9 
is multiplied by the constant number gP, and then from the product a 
new function, the Laplacian A, is formed, or conversely, whether the 
Laplacian of 9 is formed first and the result is then multiplied by 
the constant number gP . Equation (3.9) is a linear homogeneous incom- 
plete biharmonic equation (refs. 1 and 2) with constant coefficients 
(within the assumed limits). By definition, the symbols AA has the 
following meaning : 

AAv = A(Av) = div grad div grad v 

svCvJf 7 T,!,sv 4 Ta i? + 2 ife i $ (3 ' 12) 

Erom the system (3.7) we obtain 

0 = ^Av . (3.13) 

If the system (3.7) to (3.8) is solved for 0, we obtain, from (3.8), 

v — ~ A0 (3.14) 
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4. Formation of Components of Harmonic Equations 

Equation (3.9) is customarily solved "by the following symbol method 
(ref, 3, p. 197). We assume 

0 = (A - k^)(A + k 2 )v = AAv - k^Av) + A(k 2 v) - kSr = ZAv - k^v 


(3.15) 

® Because of the commutative property 

k 2 (Av) = A(k 2 v) (3.16) 

Hence, the repeated equation (3.15) is true. But expressions (3.15) can 
be equal to zero only if at least one of the following equations is true: 

(A- 


(A + 


Since equation (3.9) is linear (and homogeneous), its most general solu- 
tion will be any linear combination of solutions of equations (3.17) and 
(3.18) (satisfying the boundary conditions discussed in the following 
example ) : 


k 2 )v 1 = Av-^ - k 2 v^ = 0 
Av 1 = k 2 v x 

k 2 )v 2 = Av 2 + Js^Vg = 0 
Av 2 = - k 2 v 2 


(3.17) 


(3.18) 


v « v-^ + v 2 =* v(x,y) (3.19) 

There is then obtained from equations (3.5) and (3.13) 6 — 9(x,y) + Az, 
namely, 

p 

9 - Az = 0! + 0 2 - ^ (Avi + Av 2 ) = ^ (k 2 v L - k 2 v 2 ) = ^ ( V 1 " v 2) 

(3.20) 

Since equations (3.17) and (3.18) are each of the second order, 
there enter altogether, in the final solution, four arbitrary constants 
determined from the boundary conditions. 
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5- General Properties of Solutions of 11 Fundamental" 


Equations of Gravitational Convection 


Even before discussing the question of the boundary conditions, a 
number of important general conclusions can be drawn from, the form of 
the solutions (3.19) and (3.20). 


(l) The total volume of the fluid flowing upward in the plane 
z a 0 through the area S bounded by the contour L in time t is 
equal to (fig. 2) 



S 


( 3 . 21 ) 


where the Ostrogradsky-Green theorem was used. The sign bfbn denotes 
differentiation along the normal to the contour L, dZ denotes the 


differential arc of the contour, 
closed contour. 



denotes integration over the 


(2) The total flow of heat due to molecular thermal conductivity 
(there is no other convective -heat conduction in the direction perpen- 
dicular to the z-axis) through the lateral surface of a cylinder of 
height h with base S, bounded by the contour L, over a time t is 
equal to 



(3.22) 
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If we assume that the motion of the fluid is directed by the walls 
of the vertical cylindrical channel having the cross section S , then 
it is seen from equation (3.22) that the flow of heat passing from th<i 
channel walls into the fluid, ■under the assumptions made, is propor- 
tional to the total quantity of fluid flowing through the section of 
the channel. If at certain points of the cross section the fluid flows 
upward and at other points downward, then it may be found that the 
total quantity of fluid passing through will be equal to zero ("closed" 
channel, pure natural convection). In this case, at certain points of 
the perimeter of the channel walls the heat may pass from the walls to 
the fluid and at other points from the fluid to the walls, but the . 
total general flow of heat will likewise be equal to zero. With such a 
natural convective flow having a constant gradient and constant velocity 
over the height (but variable over the cross section) , the fluid does 
not heat or cool all the channel walls. 

If a certain distance along the channel an over-all transfer of 
heat occurs from the fluid to the walls or conversely, then one of the 
assumptions made drops out. For example, it is possible that an arti- 
ficial pumping of the fluid occurs through the channel, and the actual 
motion of the fluid then represents the superposition of forced and 
free convection (ch. 5, sec. 4). In this case, equations (3.1) to (3.4) 
cease to be linear . Or, it may be that an axial gradient exists so 
« that bvfbz ^ 0 (i.e., the transverse components of the velocity are 

not zero (eq. (2.9)). In this case, the linear description of the proc- 
ess is an inaccurate approximation, in seme cases, admissible (ch. 10 ), 

“ and in other cases requiring essential corrections (ch. 15). 

(3) The total flow of heat carried upward by convection in time t 
through the area S in the plane z = 0 is given by 


Qt 



vt pc 0 dx dy 


P ^ ^ + V2 ^ 0;L + 63 ^ 


<3y 


pctvk^ 

gP 


// 

S 


> (3.23) 


(v x + v 2 )(v x - v 2 )dx dy 



pvct A/§x / / " v|)dx dy 
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To this convective heat flow it is necessary to add the molecular heat 
flow 


Qgt = - MSt 


(3.24) 


6. Form of Solution of Biharmonic Equation 


in Cylindrical Functions 

The general solution of the biharmonic equations (3.9), (3.15), 
(3.17), and (3. 18) has been worked out in great detail in terms of cyl- 
indrical functions. If we set 


x = r cos <p- 
y = r sin cp 

r 2 = x 2 + y2 ^ 


tgcp = 


- Z 


then (ref. 3, p. 200 and following) 




oV\ 0V1 3 2 vi 1 Svn 1 cr Vy 2 

r op 


Setting 

v i = v 0 (r) x cos ( nc P + ri) 

we obtain from equation (3.26): 


A) + i x . /a! + k 2, T 

~2^ + r X dT “ P2 + k I V 0 
or \ r 


(3.25) 


(3.26) 


(3.27) 


(3.28) 


A solution of the last (linear) equation is given by any cylindrical 
function F n (or a linear combination of them) of order n of the argu- 
ment (ikr) satisfying the boundary conditions, which will be considered 
later in this report. The solution of equation (3.26) will then be 




? n (ikr )cos(ncp + 


Ti> 


(3.29) 


4281 



4281 


NACA TM 1407 


23 


In the light of the last transformation it is useful for what follows to 
give the following simplified characterization of cylindrical functions. 
A cylindrical function is a function of the coordinates r and cp, for 
which the operation A, by equation (3.26), is equivalent to multiplica- 
tion by k^. Cylindrical functions have been well tabulated (refs. 4 to 
6 ). 


The choice of the cylindrical functions themselves and their coef- 
ficients in linear combinations must be made by considering the boundary 
conditions . 

In contrast to many other cases of the application of cylindrical 
functions for the solution of physical problems, in this case all func- 
tions entering equation (3.29) are characterized by the same value of 
the parameter k. It is determined in accordance with equation (3.10) 
by certain unitary parameters of the same fluid in which there exists 
a single vertical temperature gradient A. 

By analogy with equations (3.26), (3.28), and (3.29) for equation 
(3.18), we find in place of equation (3.29) 


2 



PnC - kr) x cos(ncp + r 2 Il 


(3.30) 


Considering equation (3.20), we obtain for the temperature 

0 ~ Az = J [F n (ikr)cos(nq> + Tq) - ? n (- kr)cos(ncp + r 2 )] (3-3l) 


n=t 


It is useful to have in view the following formula which permits 
the transition from the higher to the lower orders of the cylindrical 
functions, which are particularly well tabulated, so that 


F n (x) = *& - = ^ F n . 1 (x) - F n _ 2 (x) (3.32) 

Of these particularly well tabulated functions, it is convenient to use 
the Bessel functions J n and the Neumann functions N n . 
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CHAPTER 4 

SOLUTION OF PROBLEMS OF THERMAL GRAVITATIONAL 
CONVECTION 


1. General Boundary Conditions 

For all thermal problems investigated, referring to the convection 
of a fluid within a cylindrical channel, the following general boundary . 
conditions are characteristic: 

(1) Within the channel of cross section S, bounded by the contour 
L and near the surface z = 0, the velocities and temperatures are fi- 
nite, continuous and single-valued with the required number of 
derivatives . 

(2) The total quantity is given of fluid V passing through the 
channel. For example, in the case of free convection alone, it is equal 
to zero ("closed" channel). 

( 3 ) At the channel wall, the velocity of the adhering boundary 
layer of fluid is equal to zero: 


v L = 0 


(4.1) 


(4) The temperature is continuous within the adhering boundary 
layer (does not have any jump) 


= (Se)i, (4.2) 

(5) The flow of heat is continuous within the adhering boundary 
layer (does not originate from any chemical exsothermal or endothermal 
reaction nor other accumulation or generation of heat): 


A 



L 


( 4 . 3 ) 
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2. Special Boundary Conditions 

To the general boundary conditions there must he added, in each 
case, special boundary conditions of the heat distribution in the mass 
surrounding the channel or in the channel wall, that is, some informa"- 
tion must be given relative to 6 & . 

These boundary conditions are generally divided into two classes: 
namely, nohhomogeneous and homogeneous (ref. l) . Two forms of the typi- 
cal nonhomogeneous conditions in the heat transfer are given as follows: 

(1) The temperature 0^ is given at any point of the contour L. 
This is the simplest boundary condition that may be directly substituted 
in the solution (eq. (4.7)), and that gives the required result. These 
conditions, in their turn, must satisfy the following initial conditions 
along each generatrix (parallel to the Z-axis) the temperature must vary 
according to the linear law (eq. (3.5)). Hence, the contour of the L 
section is involved and not the entire surface of the channel wall. If 
in particular cases this requirement of the boundary condition is not 
observed, it is impossible to use the " fundamental" linearized equations 
for the solution of these cases due to inequalities, (eq. (2.9)), 

5 * 0 

v y /0 

(2) The heat flow ^(cte/dn)^ is given entering the fluid from the 

surrounding mass. This condition can likewise be substituted in the 
solution and will give the required answer after more or less compli- 
cated computations. This boundary condition must satisfy the conse- 
quence from the initial conditions, namely formula (3.22), otherwise 
equation (2.9) will again be violated and the phenomenon will be 
unsteady. 

The most typical homogeneous boundary condition is the proportion- 
ality between the heat flow and the temperature at each point of the 
contour L; the coefficient of proportionality varying from point to 
point in correspondence with the special thermal properties of the sur- 
rounding mass and the geometrical configuration of the contour L: 


(4.4) 

In order to be able to use the "fundamental" equations, it is necessary 
that equation (2.9) be observed, that is, that the functions f and fq 
are independent of the coordinate z. 



= f(7) = fq(r,cp) 
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The case considered most is the one for ...which the thermal properties 
of the surrounding mass are characterized by the following extremely gen- 
eral assumption: at finite distances from the channel there are neither 

heat sources nor sinks in the surrounding mass: 

A 0 e s o ( 4 . 5 ) 

This assumption does not exclude the presence of any kind of thermal 
phenomena in the surrounding mass. For example,, the channel fluid serves 
as a source of the local thermal phenomena in the channel region in cor- 
respondence with formula (3.22). Moreover, the surrounding region per- 
mits the existence of heat flows caused by the presence of "infinitely" 
removed sources and sinks. The latter must be at such a distance from 
the channel that the gradients they produce in the surrounding mass (in 
the absence of the channel) do not appreciably depend on the coordinates 
in the immediate vicinity of the channel. In particular, formula (3.5) 
represents a reflection of one of these distributions of the thermal 
field in the surrounding mass. 

The application of homogeneous boundary conditions reduces the 
problem of the solution of equations (3.9), (3.20), and the ones to 
follow to the problem of characteristic values, examples of which will 
be given later. 

In certain cases boundary conditions of the different classes may 
be combined with each other. The solution of a linear differential 
equation simultaneously satisfying certain boundary conditions is equal 
to the sum of solutions each of which individually satisfies each class 
and form of boundary conditions. However, a physical sense will be 
possessed only by those solutions which correspond to the same values 
of the parameters A and k. This characteristic of the problem in- 
vestigated differs from numerous popular problems connectecTwith the in- 
vestigation of the biharmonic equation, and the phenomena of heat 
transfer. 


3. Basis of Solution Scheme 

With account taken of the boundary conditions, the process of solu- 
tion of the concrete problem can be indicated in the following manner. 

In the surrounding mass in the plane z = 0, the contour L(r ,cp) is 
given of the section of the channel (fig. 3). We divide the contour 
into elements dZ , the center of each element having the coordinates r 
and 9 . Using expressions (3.29) and (3.31) and .the general and special 
boundary conditions and having some value of_ A corresponding to k, we 
write the following equations for each of the elements: 
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co 



a n2V ikr)c ° s(nJp + r nl2) + 

b nl J nC - kr) cos (ncp + r n 21 ) + 


b n2®n^“ kr ) cos (ncp + T n 22^'] 


(4.6) 


6 L = W £[ a ra J n( to > cos ta > + r nll) + 

it=0 

a n2 N n^ ikr ^ COS ^ nCp + r °12^ " 
b nl J n^‘ kr ) cos ( nf P + r n21> " 
b n2 W n(" ^ ) cos ( nc P + Tn22)3 


fd,e\ _ (be to . de x §s\ 

\dn/L \5r dn 3cp dn/£ 


(4.8) 


If the boundary conditions axe not homogeneous, the left: sides of 
equations (4.7) and (4.8) are given. If, houeyer, the tomdary oonai- 
tions are homogeneous: in particular, if equation (4.5) holds, then in- 
S S eqmtions (4*. 7) ajd (4.8)(or in addition to 1 them “ ' 

ary c ondi tions are mixed) the external problem equation (4.5) must be 
solved. The solution of this external problem will be m the cylindri- 
cal coordinates (eq. (3.25)) expressions of the form 


0 e = Az + E ln| + ^ [Cni rn cos (ncp + Tni) + c n2 r ~ UcOB (“'P + "**112 3 

n=l (4.9) 

The significance of the expression Eln r/R will be discussed later 
(ch. 5, sec. 4)3 for the present, we assume that E = O. 
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In this way, there is obtained a system of sets of equations (4.6) 
to (4.9), in the unknown constants 

®nl> a n2> ' • ' > ^ni > ^ztZ ■>•*•■> c nl > c n2^***^ 


and 


r nl^ ^n2 > r nll > r nS2’ * * * 

The number of sets of these equations is equal to the number of elements 
dZ divided by the contour L of the cross section. 

If it is found that these equations are simultaneous, the chosen 
value of k is suitable. In the contrary case, it is necessary to 
choose a new value of k, that is, of the temperature gradient A, and 
to repeat the operation of solving the equations. 

In principle, even an infinitely large number of elements of the 
contour L can be treated with a finite degree of accuracy for each 
value of the parameter k by a finite number of mathematical operations 
(ref. 2). Hence, in any case the existence of a solution need not occa- 
sion any doubts. 


4. Method of Solution 

In general, however, the solution according to the preceding scheme 
is very laborious. Hence, only those general considerations have signif- 
icance which permit: (l) the separation of the typical cases for which 

the number of equations is essentially reduced and, (2) those cases 
which may serve as guides rendering the Investigation of associated vari- 
ants superfluous or essentially facilitating this investigation. The 
most important of these general considerations Is the consideration of 
symmetry. In general, these considerations lead to a rational locating 
of the origin of coordinates and, also, to assigning a direction to, the 
zero azimuth in order to eliminate, as far as possible, the_ azimuthal 
corrections r ri11 > r al2 * , “ — 

Later on in this report, examples of the application of these con- 
siderations will be given. 
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CHAPTER 5 


STEADY CONVECTION IN VERTICAL CHANNEL OF ROUND SECTION 


1. Diametral Antisymmetry of Free Convective Flow 


For a channel of round cross section., on the basis of equations 
(3.19), (3.29), (3.30), and the general boundary condition 1, it is 
convenient to write: 


r«T 0 (ikr) J 0 (kr) 


T 0 [j 0 (IkR) ’ J 0 (kR)_ 

+ 

pltikr) Jx(kr) 


V 1 lj' 1 (lkR) J^KR) 

cos cp + 

pT 2 (ikr) JgOcr) 


V 2 |J 2 (ikR) J 2 (KR) 

cos 2cp + • • • 

J 


(5.1) 


The convenience of this expression lies in the circumstance that the 
boundary condition 3 (eq.. (4.1)) is automatically satisfied for r = R 
at the channel wall. In this expression the Neumann functions are ab- 
sent because of boundary condition 1, since these functions go to in- 
finity at the origin when r -*• 0. The direction of the XZ -plane from 
which the azimuthal angle cp is calculated Is chosen from considera- 
tions of symmetry parallel to the external gradient. As special bound- 
ary conditions we assume, as in equation (4.5), 



By equation (4.9), these conditions are rewritten as follows: 
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where D denotes an 'unknown coefficient. By equations (4.7) and (5.1) 
for the temperature within the channel, we obtain: 


9 - Az + 


vk 

gP 


r r j o (i 

L° 


(ikr) <r 0 (kr) Jj^ikr) 

(ikR) + J 0 (kR) + V 1 Jj_(ikR) + 


i(k*f| r"j 2 (ikr ) J 2 (kr) 

cos ^ + v 2 L^xiw + cos 2(p + 


r ( 5 . 4 ) 


While in equation (5.1) it is still possible to substitute Neumann func- 
tions so that, by mutual compensation, they do not give infinity when 
r -*■ 0, they will necessarily, because of the sign change in the last 
equation, give infinity when r 0. For this reason, the coefficient 
of these functions in solution (5.1) must be identically equal to zero 
(i.e., these functions must be excluded foam the solution). 


In correspondence with the general boundary conditions equations 
(4.2) and (4.3) and substituting equations (5.3) and (5.4), we obtain 
for r = R 


e + - e 0 


2 


vk^ 

gP Vl 


= - HR + |; 


0 + cos <p = (e)^; 


e 0 = (0)r=o 


(5.5) 


Avk 2 VT ’ 

gp 


ik 


J 0 (ikR) - 

‘ — ^(W) 


J^(ikR) 


ikR 


J 0 (KR) - 


^(kR) 


"3TP®T 


kR 


= X 


■(- B ' is) 


(5.6) 


= Vr, = 


* 0 


(5.7) 


Eliminating the coefficient D from equations (5.5) and (5.6), we 
obtain 


Avk 2 v x fikRJ 0 (i3sR) KR«T 0 (kR) 
A e gp J-^ikR) + JpCkR) 


2 a 


BE 


+ g - 2BR 


2 


vk 2 v-L 

___ 


(5.8) 


or 


v(kR) 2 v-, f\ fikRJ n (ikR) kRJ n (kR) 1 

HR 3 - — 2J.W + mmr - *] + ^ 


( 5 . 9 ) 
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From this equation it is seen that in the case under consideration, 
the laminar motion of the fluid (expressed by its "amplitude" vp) is 
uniquely determined by the following conditions: by the parameters of 

the fluid and thermal conductivity of the surrounding mass >\g, by the 
diameter of the channel ZR , and by the regime of its operation- the 
transverse gradient B and the longitudinal gradient A (through the 
parameter k) • 


Because of this motion of the fluid, it will. transfer upward by 
convection a quantity of heat determined by equation (3.23). If the 
equation is rewritten to apply to the given concrete case, the follow- 
ing equation is obtained: 


Q = 


pcvk^v^ 


gP 


r rfeCifcrlf 

J J j 


rcos 2 cp r dr dcp 


_ rtpcvv^ HlsiRJ^ikR) 2 kRJg(kR) 
- j^kr) 


2g P j| 


+ 2 


k RJp(ikR) 


iJ- 



(5.10) 


Eliminating v-j_ from equations (5.9) and (5.10) gives equations that 
permit expressing this heat directly in terms of the fluid parameters 
and the thermal conductivity of the surrounding mass, the channel di- 
ameter, and the channel operating regime. This elimination gives: 


* 3 \j x 5t - X + - H («. £) 0 >.«> 


where the first factor on the left side is determined by the channel 
radius , the second by the fluid parameters , while the third connects the 
transverse temperature gradient B with the heat quantity Q, trans- 
ported by convection. On the right side we have a linear function of 
the ratio of the heat conductivity of the fluid X to the heat conduc- 
tivity of the surrounding mass Xgj Fp(| ) and Fg(l ) are coefficients of 

the function and were determined by the axial gradient of the tem- 

perature in_ terms of a nondimens ional parameter such as equation (3.10): 

| 4 - (kR) 4 = X A X k 4 


(5.13) 
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Table I gives the values of the functions 




rr^o(iDi 2 , r sjocitf o n j o^) ^ u 0 (oti i/2 

jJjlj^XIFTj IJKTr] " [-iJi(ii) jinTjj 

1 rt'oC*) sj 0 U) 1 
f 2 (6) = 2 *iU) X [ij^uT + jjTI T - 2 J 

G (*' t) =FlU) + ^ F 2 (l) 

H ( £ > ^)=*X F iC5) +i , 2 (£) 




>(5.14) 




It is to be noted that for a considerable distance about the point 
6 = 0, the dependence of F- , F p , G, and E on 6 4 is very nearly 
linear . 


By analyzing the preceding computations, it- may be established that 
the case discussed corresponded to the mixed special boundary conditions. 
In expression (5.5 ), the term BiR represents the nonhomogeneous part of 
these conditions, and the term D/R represents their homogeneous part. 
For this reason, the coefficient D was excluded from further expres- 
sions and the coefficient B determined the final result _ of the 
computations . 


Therefore, the purely homogeneous case, when B = 0, Is of special 
interest. From equation (5.9) it is then seen that the expression in 
braces acquires the meaning of a fundamental equation for determining 
the "characteristic values" of the argument KR = | . 


I 


-iJiCii ) 



(5.15) 


The value kR = 0, that is, A = 0 for the condition B =* 0, corresponds 
to the condition of complete isothermy and in steady state processes does 
not represent convective flow of the fluid. 


The characteristic values of 6 of the transcendental equation 
(5.15) depend on the relation of the thermal conductivity of the fluid 
and of the surrounding mass as shown in table II and figure 4. 
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The azimuth cp in this case drops out entirely from the computa- 
tions . It is, mathematically speaking, arbitrary. The experiment is 
described in chapter 10, section 5. ■ 

It is important to note that the amplitude of the velocity v^ in 
this case is determined by the quantity of heat transferred by convec- 
tion, that is, by equation (5.10) and not by equation -(5 .9) from ■which 
it drops out because of equation (5.15). Thus, within the range of the 
linearized treatment, it may be shown that the investigated form of con- 
vective flow can transfer arbitrarily large quantities of heat upward. 

As a matter of fact, for large velocities of fluid motion, we should ex- 
pect some phenomena similar to turbulence. Due to this fact, the linear 
treatment becomes insufficient. Actually, both the velocities of the 
laminar flow and the quantity of heat transferred by convection are lim- 
ited (ch. 10, sec. 3). 


2. Criterional Significance of Convection Parameter 

The structure of the parameter | 4 follows from its criterional 
significance in the sense of the theory of similarity: 

| 4 = (kEt) 4 = X InfirxPr (5.16) 

The Grashof number Gr and the Prandtl number Pr in this combination 
(product) are the usual criteria of the theory of similarity -when it is 
a question of the transfer of heat from solid bodies to fluids or con- 
versely. In such cases this product plays the role as an argument and 
the Musselt number as a function (ref. l) . 

In this case, the Nusselt number is zero because there is no over- 
all transfer of heat from the channel -wall , the heat being transmitted 
up-ward by convection from one part of the fluid to another . In this 
heat transfer some significance may be ascribed to the Nusselt number, 
in particular, by denoting this number as the ratio of the heat trans- 
ferred from the lover to the upper part of the liquid by convection plus 
molecular thermal conductivity, to the heat transfer only by molecular 
conductivity according to equations (3.23), (3-24), and (5.10) 

Ifu** =,1 + 1 (5.17) 

^2 

However, since in the linear treatment the "amplitude" of the velocity 
V]_ is obtained as arbitrary, and the value of Q, is likewise arbitrary, 

Nu^* according to equation (5 17) becomes indeterminate. 
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On the other hand, the criterion §* also acquires a special, 
double significance. In the first place, it is the criterion of stabil- 
ity of the fluid; and secondly, it is simultaneously the criterion of 
stability of the fluid motion. This subject will be discussed in more 
detail in chapter 10 , sections 1 and 3 . Few other examples are known of 
such coincidence in one numerical value of different meaning contents of 
this criterion. 


In the absence of an axial gradient, for A =* 0 (i.e., for g =* 0), 
the transverse temperature gradient B uniquely determines the quantity 
of heat transferred upward by convection. Lett ing g ■+■ 0 in expressions 
(5.1) and (5.4), we obtain 


v 


11 





v r 

9 -* - 8v, , 2 x p cos 9 

gPR 


BR 3 -*• 4 


vv ll 

g|3 





where v^ represents a new limiting "amplitude" of the process, 
quantity of heat transferred is determined by expression (3.23) 


(5.18) 


The 


Q 


/-\R 


pc 


Jojo 


v0r dr dcp 


1 

48 




X R 6 (■ 




(5.19) 


Note that the fluid motion in this case recalls the Poiseuille case 
in many respects, and the temperature distribution is the same as it 
would be in a solid body. 


The case discussed here is diametral ly anti symmetrical about the 
Y-axis, both with respect to the velocities and the temperatures, as 
seen from equations (5.l), (5.4), and (5.7). Hence, the total-volume 
flow V of the fluid and the over-all heat interchange of the fluid 
with the channel walls, according to equation (3.22), is equal to zero, 
the duct is "closed" j we are dealing exclusively with free convection. 

As an example, figure 5 shows the distribution of velocities, tem- 
peratures, and heat flows in a circular channel for the case where 
A ■ Ae as a function of the distance from the channel axis (i.e., in a 
meridional section) . The line of temperatures is prolonged into the 
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surrounding mass outside the channel "boundary. Figure 6 shows the dis- 
tribution of the same magnitudes in the form of isolines in the plane 
where z = 0; the isotherms again being prolonged into the surrounding 
mass. Figure 7 shows the same curves as figure 5 to a larger arbitrary 
scale. 


00 


M 

0 

03 

& 

LO 

1 
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3. Thermal Role of Pipe Walls'^ 

If the phenomenon under investigation is observed in a channel 
■which is not drilled in a dense block but in a pipe inserted in a block, 
the value of A entering formula (5.6) and the others will depend on 
the thermal conductivity of the material of the pipe A^, of the block 

Ag, as well as on the pipe radii, the internal radius R, the external 
radius R^, and on the temperature gradient B 2 iu the surrounding mass. 
Let us find to what equivalent value of the thermal conductivity A £ 

the thermal conductivity of the pipe and also the equivalent value of 
the gradient B correspond. 


By considering the fact that for the case of a pipe no heat sources 
are assumed to be either in the pipe or in the surrounding mass, then 


A9 1 = A0 2 = A£> e = 0 


(5.20) 


+ Az 


we find, with similarity to equation (5.3) 

e i = (" B i r + ir) cos V 

6 Z = ^-B 2 r + cos <p + Az 


(5.21) 


The temperatures inside the pipe 6^ and outside the pipe Join 

each other at the outer boundary of the pipe at the radius R-j_ without 
fluctuations in the temperature and thermal flow 



(5.22) 


This section utilizes data from the work of V. V. Slavnov. 
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At the Inner surface of the pipe the temperature of its material 
unites with the fluid temperature in such a manner as though a channel 
were drilled in a dense mass with the temperature conductivity \ and 
the channel temperature 8 ^ : 

D 1 D "1 

0 e “ - B 1 R + T " " ® + 5 



(5.23) 


There is thus obtained a system of four simultaneous equations connect- 
ing the following 11 magnitudes: 


B B-]_ B 2 
D D 1 D 2 

\ \ \ 


R R x 


Of these, R, R^, A^, A g , and Bg are given; the unknowns jure B and 
A . It may thus appear that th$ four equations are not sufficient for 
eliminating the excess unknowns B^_, D, and Dg- structure of 

equations (5.22) and (5.23) is such, however, that it is possible to 
proceed 'without these eliminations . 

2 2 

In fact, eliminating the expressions DgAg/R^^ and DA e /R from 
equations (5.22) and (5.23), respectively, we obtain 


Bi(*i + A 2 ) 


B l(A x + Ag) 


D-, 

(A 2 - A x ) - 2A 2 B 2 = 0 
R-, 


% (*e - *l) - 2A e B = 0 
R^ 


(5.24) 


Now through elimination of the expression 
from the latter equations, we obtain 


D-, 

~ 2~2 X (A 2 - A 1 )(A e - A^_) 
R^R ’ 
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1 L R 2 R 2 J L R 2 


B 2^^e" 


l" 


(5.25) 

Whatever the values ascribed to the magnitude B]_, equation (5.25) re- 
mains valid if ve assume 


(Ai + A 2 )(Ae - ^x) (^i + AgKXg " B ^e(^2 “ ^l) B 2^2^“ ^l) 


R £ 


= 0 


then, the final expressions are obtained 


*e 

An 


— ) 2 
Bo Ve/ 


b 2 





i 

+ 

*2 

f *1 

H«] 

5 M 

a'J* t -« 

lations, tests conducted In pj 
out for a channel In a dense 


■s 


~2T 




(5.26) 


(5.27) 


We remark again that the case considered here is that of diametrally 
antisymmetrical convection. 


4. Superposition of Forced and Free Thermal Convection 

In contrast to the previously discussed case, we shall now consider 
the case where the fluid in an open channel is drawn by an outside pump. 
In this case ve are justified in expecting the superposition of forced 
and free convection. In equation (3.1) an essential part is then played 
by the pressure produced by the pump; and for the vertical channel, we 
must write in place of equation (3.7) 

- - gpe + vAv = 0 


(5.28) 
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Equation (3.8) remains valid 

Av = xA0; 

Eliminating v from these equations. 


we get 


AA0 


g£A 

vx 



(5.29) 


(5.30) 


The preceding incomplete hiharmonic equation is linear ^ hut nonhomogene- 
ous hy the assumptions made; the right side of the equation is not zero. 
Guided hy the usual rules ve first seek a solution of the homogeneous 
equation coinciding in form with equation (3.9): 

££& 0 - k 4 0 o = 0 (5.31) 


By bearing in mind that for a vertical channel the condition 
dp/dx a dp/cty a. 0, is observed, then, by analogy with equation (3.19) 
and in correspondence with equation (3.20), and by making use of the 
general rules of solving nonhomogeneous equations, we obtain the follow- 
ing conditions : 

e o " e i * e z> 8 - e 0 +Az . e 0 - ^xfg Cs.32) 

whence 

|| = - PgP Azj P = - | PgP Az 2 (5.33) 

Integration of equation (5.33) provides the assumption that the pressure 
produced by the action of the pump drops to zero precisely in the plane 
z = 0, or in other words, that the XT plane passes through that sec- 
tion of the channel which is considered the origin of the pressure 
computation. 

. in comparing this result with the case discussed previously we note 
that this case does not introduce any new terms in the solution of the 
equations. 

The forced pumping of the fluid does not show up in the pressure or 
in new terms in the solutions, but only in the added quantity of heat 
which the pumped fluid transmits to the walls, and only in the flow rate 
of the pumped fluid (according to equation (3.22)). In particular, the 


4 Due to the fact that all the vectors in equation (3.1) 
collinear. 
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Poiseullle case corresponds to A ■+ 0 and k -*■ 0, and it is obtained if 
the following formulas employ a series expansion of Bessel functions, 
■which consider only the first two terms. 


J (u) 

0 u-*0 


- 1 “ I u 2 


(5.34) 


Using equations (5.32) and (3.14) as well as equation (3.10), we ob- 
tain the same form of solution, namely , 


j(ikR) “ Jo(KR) 


pT 0 (ikr) J Q (kr) 

- v ° \m 

.[ 




J 2 (ikr) J 2 Qor) 


_fi 7 r ,, - r cos 2cp + 

2 J_(ikR) J (hRjl 


.1 r Jj_(ikr) J^kr) 

d^L* 

3 


i 

- COS cp + 


(5.35) 


vk2 T J 0 (te)l 

0 - Az - w y o j 0 (usy + 


|“j 2 (ikr) J 2 (kr) 
^2 |^J 2 (ikR) + J 2 (kR)_ 


cos 2cp + 


+ v. 


} 


J!(ikr) Ji(kr)"l 

r l J x (ikR)' + ' J x (kRjJ COB ‘P 


(5.36) 


As special bo undar y conditions , which now are more exactly specified, 
equation (4.9) is used 


B = Az + 
e 


^-Br + 2^ cos (p + E In | + 0 eO 


(5.37) 


On the basis of the general boundary conditions (eqs. (4.2) and (4.3)), 
we write - 


0£ = Az + 2 ^|- (v 0 + V X cos cp + V 2 COS 2cp + . . . ) 


= Az + 


gp 0 


^-BR + cos cp + 0 eO 
_ iJi (ikR) JiQsO"] P 

j 0 (ikR T + + Vl L‘ T ^ m 


(5.38) 


J 0 (kR) “ 
J x (kR) “ 


17 

D \ 

e] 

2 COS Cp a A e ( 

" R2j 

I COS qp + g 


(5.39) 
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Eliminating D from the preceding equation, we again obtain equation 
(5.8); instead of equation (5-7), only V 2 = 0 remains. -Moreover, there 
is found 


vk^Vp, 

2 -sr 2 - e -o 


(5.40) 


A 0Oe i<X]_(iER) J^(kR) g 
Ae X_ 2~ J 0 (ikR) + J 0 (kR) “I 


The total volume of fluid pumped upward through the channel, according 
to equations (3.2l) and (5.41), is computed to be 


V 


t 


f'R c 2jt 


v r dr d<p => 2jtv, 


)0 


■re 


J 0 (ikr) 


J Q (kr) 


r dr 


pi.J 1 (ikR) J-j^kR) 2jtA e E 
~~m J 0 (ikR)" + J 0 (kR )_ “ pcA 


(5.42) 


On the basis of equation (3.22), the physical sense of the magnitude E 
is determined from equation (4.9). 


-2rtA e hE a 


(5.43) 


namely, this magnitude in a certain scale is equal to the heat flow- 
passing through from the channel walls into the fluid over a distance of 
1 centimeter of the channel height. There is thus established a rela- 
tion between Q^, E, and A, (i.e. , k) . The term containing v^ de- 
scribes both the free and forced part of the convective flow, but it is 
equal to zero in the absence of forced convection. The phenomenon de- 
scribed by this term possesses a strict axial symmetry. 


In the absence of a transverse gradient, B = 0, either v^ =0 or 

the considerations leading to equation (5.15) are valid. The term con- 
taining v-^ describes only the free part of the convective process. 

It is again necessary to emphasize that the magnitude Ml in all 
terms of equations (5.35), (5.36) and so forth has the same value . 

As an example, figure 8 shows the results of a computation of sev- 
eral cases for the condition of absence of a horizontal gradient vj_ = 0 
and B = 0. On the axis of abscissa is laid off the value of v to an 
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A 

arbitrary scale and on the axis of ordinates the parameter (kR) , pro- 
portional to the vertical gradient A, is laid off. The figure shows 
several points in these coordinates and together with these shows the 
corresponding velocity distributions (solid curves) and temperatures 
(dotted curves) along the channel diameter. The equivalent Poiseuille 
parabola Is drawn on each sketch. The coordinates of the selected 
points and some numerical data for this figure are given in tables III ; 
IV, and V. 


5. Application of Cylindrical Functions of Complex Variable 
Where Temperature in the Upper Part of Vertical 


Channel is Higher Than in the Lower Part 

In the computations, the case must be encountered where A is 
greater or less than zero so that (kR) 4 receives a positive or negative 
sign. The computations are carried out with the aid of the same Bessel 
'function tables (ref. 2), bearing in mind the following circumstances. 
In equation (5.1) and further on, the magnitudes ±ikR and ikR are 
roots of the characteristic equation (3.10) 


Cffi ) 4 = em. 


for the differential equation (3.9). If we denote 

->4 


1*1* -in 4 -*™ 

its corresponding roots will he 

i 34 = ± 


il2 = ± 




(5.44) 


(5.45) 


(5.46) 


Hence, in equation (5.1) and so forth, it is now necessary to write 

J 0 (-/ikr) in place of J 0 (ikr), and ^(V-i^) in place of J 0 (kr) and 
so forth, where it is useful to remember that 

j£( ^(V- 43 ^) = C 5 * 47 ) 
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with the asterisk denoting the conjugate value of the complex magnitude. 
In the expressions similar to equation (5.1) and so forth, terms of the 
following form will enter: 


J n (VTkr) J n (V^Unr) ^ jg(jyikr) J n (iyTlcr) 

J n (VIkR) " j£(iViKR) J n (iVi^) 

r J n (iVIkr)^ J^ClVg a:) ‘ 

In particular, for n = 0 

J 0 (iVikr)~ | ^ J 0 (iVikr) ^ ^ ber(kr) X beiQaQ - hei(kr) X ber(kR) 
_J 0 (in/ikR)J J 0 (iV£hR) ber(kR) 2 + bei(kR) 2 


(5.49> 


Correspondingly, in expressions similar to equation (5.4) and so 
forth, there enter the terms 


ik 2 < 


J 0 (lVikr)T 
J (l-y/i^L 




J (i-y/i^) 


ikr)~l 
ikR) J 


2-^2 ber(kr)x ber(kR) + bei(kr)x bei(kR) 
ber(kR) 2 + bei(kR) 2 

(5.50) 


Thus, the expressions for the velocities and temperatures are obtained 
as real only In the case where the "amplitudes" of the velocity Vq are 
assigned purely imaginary values. 

The symbols ber and bei denote the cylindrical functions of 
Thomson. 


These formulas were used in drawing the figures and in some of the 
tables . 
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CHAPTER 6 


H UNSTEADY REGIME CEF GRAVITATIONAL THERMAL CONVECTION IN 

co 

OJ 

VERTICAL CHANNEL OF ROUND CROSS SECTION 


& 

o 
t tf 

rQ 

co 

i 


1. General Observations 

Let us consider a block In which, a vertical cylindrical duct or 
channel has been drilled, and consider also a certain temperature gra- 
dient characterized at infinity and produced by both the vertical com- 
ponent A and the horizontal component B according to equation (5.2). 
Into this channel a heated (or cooled) fluid is suddenly introduced. 
Since the channel walls are colder (or warmer) relative to the fluid, 
thermal convection in the fluid may" be set up under known conditions . 
This convection will transfer heat upward and, thus, distribute the tem- 
perature further. If we are dealing with a casting poured into a cold 
form or mold, this redistribution may influence the development of” the 
process of solidification of the melt. - We shall not consider the pro- 
cess of solidification associated with the heat of fusion. We shal l , 
restrict outselves to the case where B = 0. 


2. Periodic Process of Cool in g Nonsolidified Casting 

For simplifying the computations the following periodic process is 
assumed, which is probably typical. However, other typical processes 
with their own periods are possible. ' — 

The first stage of the process will be that of filling the channel 
with a strongly turbulent fluid which, on coming in contact with the 
channel walls, is simultaneously cooled. Because of the strong turbu- 
lence of a nonthermal origin, effective thermal conductivity and diffu- 
sivity of the fluid will be much higher than those tabulated (molecular) . 
Such a fluid will, therefore, in the thermal relation, represent the 
analog of a strong heat -conducting- solid body which had been cooled after 
a sudden heat impulse was imparted on the axis of a cylindrical system 
of coordinates . Such a thermal process has been investigated well and 
is discussed in the following paragraphs. The deciding factor in the 
process is the increase in the turbulence coefficient of the thermal 
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diffusivity of the fluid. Particularly, simple relations are obtained 
in the case where the form into ■which the fluid is poured does not con- 
stitute an infinitely extended homogeneous body but may be considered as 
a thin-walled vessel more or less thermally insulated from “an infinite 
reservoir of constant temperature . 

As a whole, the first stage is characterized by the fact that its 
violent mechanical nonthermal processes have excluded the possibility of 
the occurrence of a more or less definite convective thermal motion. The 
duration of the first stage is determined by the lessening in the fluid 
of turbulent motion and by the decrease of the thermal diffusivity of the 
fluid. - 

The second stage sets in when the turbulent motion is essentially 
ended, and the thermal convective motion is initiated and develops within 
the frame of the thermal pattern produced during the first stage. The 
transfer of this heat by convection is not, however, large at this time, 
and no essential distribution of the temperature has been produced during 
this time. The duration of the second stage is determined by the magni- 
tude of the kinematic viscosity of the fluid, that is, by ■the ratio be- 
tween the forces of inertia and friction. 

Finally, the forces of inertia in the convective motion practically , 
dwindle to nothing. A more or less stable convective motion is estab- 
lished which gradually dies down as the temperature differences produced 
diminish. As a result, the convective orderly transfer of heat dis- 
tributes the temperature; the upper part becoming warmer than the lower. 
The distribution proceeds slowly as compared with the rate of cooling of 
the fluid in a cross section. This distribution constitutes the third, 
and last, stage of the process. The character of the third stage depends 
on the cross-sectional mean temperature distribution produced at the 
start of this stage. It is possible that, in the course of the third 
stage, the character of the process will slowly change as a result of the 
process of the upward heat transfer. Moreover, the character of the third 
stage depends on the absolute rate of cooling, that is , on the intensity 
of the heat removed from the fluid by the channel walls . In this connec- 
tion it is desirable to investigate two variants, one of which is rapid 
and the other slow. 


3. First Stage - Pouring Strongly- Turbulent Hot Fluid 

In the case of infinite extension of the surrounding mass, the pro- 
cess in it is described at small distances from the channel and at the 
initial instants by the following function of the distance and the time 
(refs . 1 to 3) . 
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Q 

_ pch 
el 4«x e t 


e 


r < h 


— 1 
4x e t 


> 


t 



J 


( 6 . 1 ) 


If the channel were infinite, that is, if the distances of interest r 
were always much less than the channel height h, this formula would he 
very accurate. If, however, the channel height is not large as compared 
with the distance at -which the temperature still plays an essential role, 
then at distances greater than h, the channel in the infinite surround- 
ing mass resembles a point. This relation then holds 


0 e2 " 


pc 


372 


(4xx e t) 


r > h 


2 

— — "\ 

4x e t 


> 


t > 


4x, 




( 6 . 2 ) 


Because of the cylindrical field of the temperature distribution, 
equation (6.l) goes over into the spherical distribution equation (6.2), 
approximately at that instant, then 


t 


1 



(6.3) 


the temperature path equation (6.1) near the instant t^_ in the channel 
neighborhood will change gradually and in the limit go over into equa- 
tion (6.2). 


In these formulas Q 
poured into the channel. 


represents the heat content of the fluid 
Q = I tE 2 hpc(0 H - e^J (6.4) 


where is the initial fluid temperature, and S eco the mean temper- 

ature of the fluid walls and the surrounding mass. The process of 
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cooling at each distance 
rnulas (6.1) and (6.2), 


r is characterized by its specific time, for- 



(6.5) 


The thermal behavior of the channel fluid can hardly be 
by mathematical formulas in the first stage of the process, 
assumed that it is approximately described by formula (6.1) . 
cription will be sufficiently accurate for those instants of 
’ where 


described 
It may be 
This des- 
tine t 



=- t 3 < t > t 2 


r£ 

4x 


( 6 . 6 ) 


that is, after the passage of the characteristic cooling time at the 
channel walls (r = R) . The symbol x denotes the heat conductivity of 
the fluid increased by the turbulence. Expanding the exponential func- 
tion in equation (6.1) into a series, we may write 

e - ii|t [ x -tt(I) 2 J < 6 - 7 > 

The distribution of the fluid temperature thus tends to the parabolic law. 
The height of the corresponding paraboloid gradually decreases with time 
according to the hyperbolic law 


8 ' % T £ - T (if] (6 ' 8) 

Hence, the total temperature decreases with time according to the -3/2 
power, analogous to equation (6.2). 


If the fluid is poured into a channel of a heat insulated pipe, the 
equation describing its cooling process will be (2.2) for v = 0. The 
boundary conditions are homogeneous 



(6.9) 


where H denotes the "reduced” thickness of the heat insulation. Be- 
cause equation (2.2) has now become linear and homogeneous and because 
of the homogeneity of the boundary conditions, we assume the exponential 
dependence of the tenperature on the time. For this purpose, we rewrite 
equation (2.2) thus 


( 6 . 10 ) 
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The solution, similar to equation (3.26), is 



( 6 . 11 ) 


It is rendered exact by the boundary conditions equation, (6.9) which 
assume the following concrete form: 





R 

H 


> 


J 


( 6 . 12 ) 


The extreme values of the non&imensional parameter that enters here will 
he: 


when E 


when H 0$ 


F^m 

i|pr xE4 ° 
0 



> 



“ ( 3m. 


R -*■ = 2.405, 5.520, 


J 


(6.13) 


3h the last and least favorable case, the exponent rapidly increases with 
the n umb er of the term of the s ummat ion equation (6.1l). For example. 


*2 



2 

q]_ ~ 5.2 5q~| 


'-(6.14) 
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Therefore, in expression (6.1l) the second term will decrease much more 
rapidly than the first. In particular, when the first term decreases to 
l/e times the initial value, the second term decreases to e ~5.25 * 1/300 
of its initial value. The smaller will then be the values of the follow- 
ing terms of equation (6.1l). We shall, therefore, vise only the first 
term of the sum of equation (6.1l), and write 


9 « 



(6.15) 


Comparing this expression with equation (6.8), we recognize the quadratic 
term in the brackets and the dependence on the time given by the factor 
before the brackets. In contrast to equation (6.8), however, the form 
of the paraboloid now no longer changes with time, but the time depend- 
ence is greater than in the exponential formula (6.8). 


The duration of the first stage in the case of the heat insulated 
pipe may be roughly estimated by the characteristic, that at the instant 
of its completion all terms of equation (6.1l) starting with the second 
term, are less than l/e tlm.es their initial value. This characteristic 
determines the duration of the first stage in the least favorable case 
thus 


t 


4 ~ 



R 2 

x(5.25) 2 


R 2 

27. 5x 


(6.16) 


Generally, however, the duration of the first stage will be shorter. The 
similarity of the expressions in equations (6.7), (6.8), and (6.15) per- 
mits assuming an approximation for the computations 


-t 2 /t 

e « J 0 (iR) (6.17) 

In this case, the duration of the first stage is evaluated by form u la 

( 6 . 6 ). 

All the preceding considerations show that the corresponding for- 
mulas exclusively describe the dying down of the process q^ < 0. Thus, 
at the end of the first stage the distribution of the temperatures over 
the channel radius is always found to approximate the parabolical. 


4. Second Stage - Developing Free Convective Motion 

The second stage under conditions of fluid laminar motion is des- 
cribed by the equations in which the fluid parameters correspond to their 
steady, molecular (tabulated) values. Because at the end of the first 
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3 


stage tbe temperature distribution over the channel cross section is the 
same in »i 3 cases (namely, approximately parabolical), to determine the 
maximum duration of the second stage it is necessary to treat only the 
single equation, so that 

v = - — X - gpe + vAv (6.18) 

p CLZ 


The second stage includes the steady state of motion described by 
equation (6.18). The duration of this stage, speaking generally, is not 
determined by the forces (gfSS) -which give rise to it, but is determined 
by the fluid properties (v) and the form of the fluid flow. Hence, we 
assume 


v = (u + Ugje^ 
quQ = vAu q 


(6.19) 


where u represents the effect of the pressure gradient and Uq repre- 
sents the solution of a homogeneous equation similar to equation (6.10) 


Uq - U-jJq 



( 6 . 20 ) 


The solution is made exact by the following two boundary conditions; 
namely., the presence of an adhering layer and the closeness of the chan- 
nel cavity. The first condition gives 


Cv) 


r=£l 


= u + u^o | R^ 


e^ = 0 


( 6 . 21 ) 


The second condition gives 
>R n 2jc 


XT 


vr dr dcf> = 


R 2 u ! 

2 * — + U 1 — 



ra xR 

v 


*) 


2otR* 


XR 


= 0 ( 6 . 22 ) 


■Whence, eliminating the ratio u/u^, we obtain 


2 ^ RJq 


(i/f b ) - j i(V? k ) 


(6.23) 


By considerations analogous to those adduced in connection with 
equation (6.15) and the adjoining equations, the smallest root (besides 
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q = 0) of this transcendental equation is of interest. Computations 
give as its value 



R = 5.127 


A 




26.49v 
R 2 } 


(6.24) 


-q “ 26.49V J 

Because for the majority of fluids v/k = Pr is greater than unity, the 
duration of the second stage is less than that of the first-Btage (eq. 
(6.16)). 


5. Third Stage - Cooling Fluid in the Presence of Convection 

Rapid Variant 


The third stage is characterized by the parallel dying down of both 
the thermal and the hydrodynamic phenomena. Denoting the general damping 
exponent by q, we write in place of equations (2.1) and (2.2) 


qv = - gJ30 + vAv 
qd + Av = xA 9 

the motion of the fluid being assumed laminar. 


(6.25) 


In these expressions the considerations connected with the derivation 
of formulas (5.33), (3.7), and (3.8) are taken into account and, there- 
fore, the pressure term is omitted. Eliminating 9 from these equations, 
we obtain successively 


0 = -— (vAv - qv) (6.26) 

Sp 

q(vAv - qv) + g|3Av = x(vAAv - qAv) (6.27) 

AAV - q Av + 3— - v = 0 (6.28) 

* \ V v.) vx v 


This is a complete biharmonic homogeneous equation. We shall solve it 
by a widely used symbolic device explained in deriving equation (3.19). 
We set 


4281 



Ck-7 tack 


NA.CA OM 1407 


.51 


£> 

OJ 


(A + k 2 )(A + k|)v = AAv + (k| + k§)Av + kfk| v = C> 
2 


Av^ + k^v^ = 0 


V (6.29) 


Av 2 + kgVg 


Vo = 0 


>V= V-^ + Vg 


Comparing equations (6.28) with equation (6.29) and multiplying k-j_ and 
kg by E, w obtain ~ 


x + y = (k^) 2 + (kgR) 2 = - qR 2 ^ + 
xy = (k 1 E) 2 x (k^) 2 - ^ - 


(6.30) 


In these equations x and y denote ncndimens ional auxiliary var- 
iables (not space coordinates) . Putting in turn q = constant and 
A = constant, we obtain a system of isolines on the xy plane . It may 

shown 4 that the isoline q = constant represents parallel equidistant 
straight lines, and A = constant represents a family of hyperbolas re- 
ferred to the asymptotes 


x 

y 

X 

y 



(6.31) 


These isolines are sketched in figures 9 and 10. In these coordinates 
the isoline q = 0 passing through the even quadrants, corresponds to 
the previously discussed case of steady processes. For further treat- 
ment of the equations, we assume all general boundary conditions, end 
as spec ial conditions we make use of the homogeneous conditions (eq. 
(6.9)) and requir eme nt (eq. (6.22)) on the "closeness" of the channel 
cavity. 


^This work was carried out in 1947 by Y. Korchemkin by applying the 
rules of analytic geometry. He likewise proved with complete rigor that 
the transformations given are a necessary and unique consequence of the 
basic assumption that the velocities are parallel to the surface gener- 
ators of the channel. 
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The solution of equations (6.29) and (6.26) analogous to equations 
(5.l) and (5.4) is then written as follows: — - 


v = v- 


J o( k l r ) J oC k 2 r ) 
J 0 ( k i R ) " 


(6.32) 


9 = 


gPH £ 


Qo^R) 2 + qR 2 ] - [vd^) 2 + qR 2 ] ^£|\(6.33) 


The requirement of "closeness" of the cavity is expressed as follows: 


So 


R 


vr dr = v, 


0 J 0 ( v> rar 


^(^R) ^(kgR) 

= V cF* ^k 1 RJ Q (k 1 _R) " k2RJ 0 (k 2 R) 




(6.34) 


This equation establishes a definite relation between the auxiliary co- 
ordinates xy represented in figure 11- From the meaning of the laminar 
processes under consideration, it is advantageous to consider only those 
forms of convection flows of the cooled fluid where the cross section of 
the pipe is divided into no more than two zones, namely, the central cir- 
cular zone where the fluid moves upward, the peripheral annular zone 
where the fluid moves downward- This consideration restricts the curve 
to the point with coordinates 


y = (2.405) 2 « 5.8 
x = (5:520) 2 « 30 


(6.35) 


From its quantitative expression this variant corresponds to large 
values of the difference x-y or to an unsteady temperature gradient 
(warmer in the lower part) and may he realized only at catastrophically 
rapid cooling of the model. The analogous case for the diametrically 
antisymmetric fluid motions is discussed in reference 4. 


Slow Variant 

Together with the rapid variant a slow variant may also he encoun- 
tered in practice where because of sluggish cooling the rate of cooling 
9 may, over a large time interval, be considered small and, moreover, 
constant. The corresponding equations will have the form 
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o = - — - g p© + vAv 

p dz 


© + Av = xZ£ 


(6.36) 


Determining © from the first equation and substitut ing in the second 
equation, we obtain 


Setting 


0 + Av = x/Vw 



(6.37) 


(6.38) 


we observe here that Vq represents the known solution of the homogen- 
eous equation (3.9). The solution must be made exact by using the bound- 
ary conditions that express the presence of a boundary layer and the 
closeness of the channel. We finally obtain, 


v 


ej jji(kR) - J o (ikr) 

A\ J 0 (ikR) X J x fkR) + iJ-[_(ikR) Jq(]£R) + 


» — - 

iJ x (ikR) + M JqCikr) J 0 (kr) 

J 0 (ikR) x J^(kR) + iJ 1 (ikR)J 0 (kR) 



(6.39) 


The temperature © may likewise be determined from the preceding para- 
graphs and from equation (6.36). To these expressions are entirely 
applicable the considerations on the complex values of the parameter k 
obtained if it is warmer upward than downward (ch. 5, sec. 5). Because 
of the transfer of heat by upward convection, this is almost required to 
be the case. 


We restrict outselves to the case where the temperature is still 
practically constant (A = 0) along the model height. From equation 
(6.36) we then find 






(6.40) 
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The Ravier-Stokes equation takes the following form: 


0 = 


1 xp 

p dz 


gP0 o + S3 e 1 ^|j + vAv 


(6.41) 


By considering the boundary layer and the closeness of the channel, its 
solution is found to be 

v []- - 4 (S ) 2 - 3 (i)^] < 6 - 42 > 

This convective process transfers upward just that quantity of heat which 
covers the heat losses of the upper layers . The thickness of this layer 
h of which the heat losses are made up by convection, is obtained as 


h = 


_ gp0R c 




(6.43) 


If this thickness is of the order of the channel radius or larger, the 
convection may appreciably retard the cooling of the upper part of the 
casting in comparison with, the lower part . By taking this fact into 
account, the setting phenomena may be consciously controlled (ref. 5), 
and the casting spoilage reduced. 

In a cavity containing fluid periodically heated and cooled there, 
or course, arises the phenomenon of the gravitational- thermal "detector 
effect," that is, a vertical temperature gradient arises in which the 
temperature in the upper part is higher than in the lower part. For 
each half -cycle of cooling or heating, a convection occurs which carries 
a definite portion of the heat upward. The accumulation of such portions 
produces the detector effect. 
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CHAPTER 7 


CONVECTION IN INCLINED SLIT AS EXAMPLE OF CONVECTION 
IN CHANNEL OP A NONROUND CROSS SECTION 5 


1. Simplification of '’Fundamental" Biharmonic Equation 

As an example of the theoretical investigation of laminar convec- 
tive phenomena in a channel of a nonround cross section, we consider the 
thermal convection in an infinite inclined slit filled with fluid and 
bounded by semi- inf inite solid masses with plane parallel boundaries. 

In the surrounding masses a constant temperature gradient with the fol- 
lowing components is produced by an infinitely distant heat source) (l) 
par alle l to and (2) normal to the slit. The system is illustrated in 
figure 12 . The gravity acceleration vector lies in the yz -plane . 


de e 

3z 




- A 


W 


— - 3 


de e = o 


(7.1) 


SA _ SA _ SA = SB = SB = SB 
'Sy "Sz "5x "5y Bz 


= 0 J 


It is assumed that there is no temperature gradient component in the 
external mass along the x-axis. From considerations of symmetry, it must 
be assumed that there will likewise be no temperature gradient component 
within the fluid. Hence, there will be no velocity component along this 
axis 


5 

This chapter is compiled from data obtained by G-. N. Guk. 
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Se e >> 

^T = ° | 


be 

= 


0 


> 


= 0 




(7.2) 


Under these conditions 
only one velocity component 


in the laminar regime a convective flow with 
along the z-axis® is evidently possible 


> 


bv 

~Sz 


= 0 


J 


(7.3) 


The equation of gravitational thermal convection for the steady 
state then assumes the form of the linear equations 


0 


d X dz + gP0 COS a + V 
p 02 dy^ 


vA = x 


& 

dy 2 


(7.4) 


By anal ogy ■with the foregoing paragraphs we shall consider the param- 
eters of the fluid as constant , that is, we shall assume the parametrical 
linearization of these structurally linearized equations. 


Using the results of chapter 5, section 4, where the case of the 
superposition of free and forced convection was discussed; we choose the 
origin for z in the section where dp/dz =0. We restrict ourselves 
to the case where there is no external pump to draw the fluid across the 
slit so that only free convection occurs, and the cavity is "closed." 

By anal ogy with the more complicated cylindrical case discussed in 
chapter 5, section 1, we obtain 


®It is clear, however, that this is not the only solution and for 
certain, not as yet formulated conditions, it may-pass over into others 
(e.g., into a cellular Benard solution (see ch. 13, plate XX)). 


4281 



CA-8 4281 


M.CA TM 1407 


57 


or 


vA = - 


xy . dV 
gP cos a ^4 


d^v 

<3y 4 


= kV 


"\ 


jj.4 _ _ gRA cos a 
vx 


(7.5) 


(7.6) 


This ordinary linear homogeneous differential equation of the fourth 
order is easily solved by an elementary exponential substitution. After 
very simple, although rather laborious computations in terms of trigon- 
ometric and hyperbolic functions of a real or complex argument, the solu- 
tion reduces, with account taken of the boundary conditions, to two 
qualitatively different solutions depending on the sign of the parameter 


2. Higher Temperature in Lower Part 


In this case the following conditions hold: 


h 4 > 0 




-x[l 


sh ky sin ky 

sh kR sin kR 


9 - Az = - 


vk 


gP cos 


a V 1 £ 


i 


sh ky sin ky 

sh kR sin kR 




(7.7) 


On the boundary at the wall of the slit, the absence of a heat-flow jump 
(see, General Boundary Conditions, ch. 4, sec. l) gives 


whence 



= - AgB 


vk 3 ^ 

gp cos a 


ch kR 
sh kR 


+ 


cos kR 


sin kR 


R 

R 



(7.8) 


(7.9) 
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The difference in temperature on both boundaries of the slit (the 
perature drop") is obtained equal to 


9 = - 4 


vk 


*+ ----- - gp cos a V 1 
The total heat flow upward along the slit on a segment of width 3 

Q 9Y 2 pcvk T sh 2kR sin 2kR | 

1 gp cos a,^ gh ^2 (sin kR) 2 J 

3 . Higher Temperature in Upper Part 
In this case k^ < 0. We set 

| k | = -y/2m 


The preceding computations give 


v = v. 


0 


cos my x sh my _ sin my x ch my 
cos mR X sh mR sin mR X ch mR 


i 


9 - Az = - 


vkr 


a v l \ 


cos my X sh my sin my 
cos mR X sh mR sin mR 


g0 cos 

The temperature drop over the width of the slit gives 


t 

X ch my 1 
x ch mRj 


9 + - e_ - - 4 


Vk 


gP cos a 1 

The transverse heat flow through a square centimeter is 


2Avm- 


gp cos a 


c 

vi - 


cos mR ch mR - sin mR sh mR 


sin mR X sh mR 


sin nR X sh mR + cos mR 
sin mR X ch mR 


X ch mR | 


4Avm. 

gP cos a 


"tem- 

(7.10) 
: is 

(7.11) 

(7.12) 

(7.13) 

(7.14) 


v-jjcth 2mR + ctg 2mR] = Ag B 


(7.15) 
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00 


The longitudinal heat flow along the slit upward is expressed by 

more complicated functions . 

. a _ n is solved in an elementary way. 

The intermediate case, when A - 0, is soxvea 

From the second equation of equation (7 .4) , we 


d 2 0 

dy 2 

d£ 

<3y 


= 0 


A 4= = - 


A 


*e 

e - - T By 


0+ . 0_ = - 2 ^ BR ' 


(7.16) 


From the first equation of equation (7.4), we obtain 

AgBgP cos a 


d 2 v 

ay 2 


Av 


V* c °l f x i(/ t b) 

Av 2 


dv 
dy 

T , . (y 4 5 + 3by + c) J 


(7.17) 


Taking into account the presence of the boundary layer (v)^ O 

and restricting ourselves to ^ 

arbitrary constants of integration b> ^ Q -|^ ^ 

~ 3 


g |3 cos a R AgB 
v = 6 vA 


i fz [~1 _(gf|\ 
Ar 1“ V E /JJ 

2 Y( r, -X2 g& cos a x r 5 
Q = 45 X(A e B) Avx 


(7.18) 


4. Concluding Remarks 

m ell of the three ^isnts ^scussed^^ ^sults 

obtained with circular cross sections, we considered mjr 
symmetrical conditions. 
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In the first two cases we have groups of three simultaneous trans- 
cendental equations that connect with each other the following five pa- 
rameters of the convective process: the ’'amplitude" of the velocity v-^, 

the transverse gradient of the temperature in the surrounding mass B 
or the transverse heat flow A e B, the temperature drop over the width 
of the slit 9 + - &_ , and the longitudinal temperature gradient A (in 
terms of k and m) . Thus, for the definition of the problem two of 
these parameters must be given. In addition, the parameters of the fluid 
must be known, the heat conductivity of the surrounding mass Ag, and the 

width of the slit 2R. As previously stated, it- must be assumed that the 
only solution reflecting the actual physical process can be that which 
corresponds to the smallest root KR of these equations, which (because 
of their transcendental character) have an infinitely large number of 
roots . 

For the intermediate case, much more simple relations are obtained. 
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CHAPTER 8 

EXPERIMENTAL HtVESTIGATICSNS OF WATER 


1. Thermal and Convective Parameters of Water 

Among al 1 possible fluids , water (HgO) in its widespread existence 
occupies an exclusive position. For this reason it may serve as an ob- 
ject of act ual production processes as well as a substance for experi- 
mental model investigation. The latter application is favored because 
water contains a n umb er of singular properties . We may here remark on 
the large heat capacity of water and the anomalous thermal expansion in 
the interval from 0° to 4° C . For this reason, water occupies first 
place in the list of fluids capable of serving as objects of 
investigation . 

Table VI gives a selection of tabulated data for water in the inter- 
val from 0° to 100° C and for certain other fluids. Column 8 gives the 
"convection parameter" gp/vx, computed from these data, which enters into 
many of the preceding formulas . Figure 13 shows the temperature depend- 
ence of several water parameters in the interval from 0° to 100° C. Pre- 
liminary tests have shown that piped water does not differ much from dis- 
tilled water in the magnitude of the parameter g g/vx. 


2. Interpolational Formula for 0° to 40° C Interval 

To facilitate the computations connected with the application of the 
convection parameter at intermediate points not listed in the table, an 
interpolated formula has been computed (work done by N. M. Lurye) for , the 
interval from 0° to 40° C. The formula represents the equation of a 
curve very accurately passing through the points given in table VI in the 
0° to 40° C interval (the interpolated Lagrange formula): 

•£§ = 100(-20.5 + 5.0220 - O.OO7O0 2 + O.OO7650 3 - 
vx v 

0 . 0000590^ - O.OOOOO130 5 ) — 

cm deg 


( 8 . 1 ) 
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3. Standard Convective Curve and Interpolated 
Formula for 0° to 40° Interval 


As shown previously (fig. 4), the conditions for the existence of a 
steady laminar convective motion in a vertical duct are equations of the 
type of equation (5.15) (in the absence of a horizontal gradient) or equa> 
tion (7.9), so that. 


whence follows: 


Hence 


I 4 = O *) 4 -£txE*§ - 


.4 &z 


& 6.e - r 


vx 


re*, (if 

J 0 VX \Rj 


( 8 . 2 ) 


(8.3) 


(8.4) 


This formula gives the distribution of the average temperature over 
the cross section along the cavity length within the presence of a steady 
laminar convective process . The origin from which the vertical distances 
are computed is taken in the section where the temperature is equal to 
0° C. Integration corresponding to the interpolated formula (8.l) gives 



O.OO1910 4 - 


{• 


20.50 + 2.5110 2 - O.OO230 3 + 


0.0000120 - 0.00000020 > cm’ 


}■ 


(8.5) 


This formula is valid from 0° to 40° C. It gives the standard law 
of distribution of the mean temperature over the cross section in a 
channel for laminar convection. It is found that the details of the 
system, the channel radius R, and the relative thermal conductivity of 
the surrounding mass (in terms of the function | 4 } affect only the 
scale of the vertical distances z , but does not affect the shape of the 
curve. 


Table VII gives the coordinates of certain points of this standard 
curve. 

The standard convective curve is a more accurate form of the approx- 
imate basic assumption that the vertical temperature gradient is con- 
stant, as follows from formula (2.10). Actually, this constancy is valid 
for the presence of laminar convection only over a short distance of the 
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duct in which, both the temperature and the fluid parameters remain con- 
stant. The standard convective curve represents the actual law of tem- 
perature distribution simplified to the linear by parametric lineariza- 
tion in the fundamental equations (3.1) to (3.4) and those following. 

It is useful to remark that the wider the duct, the larger the scale 
of the vertical distances proportional to the fourth power in the formula 
of the standard convective curve. The narrower the duct, the larger the 
vertical temperature gradient and with it, the greater the possibility 
of a considerable disruption of the linearity of the equations . For 
appreciable flow velocities, it is found that the temperatures and fluid 
parameters in one part of the horizontal cross section differ consider- 
ably from the temperatures and parameters in another part of the section. 
Because viscosity strongly decreases with temperature, it is found that 
the cross section of the rising hot stream is appreciably less than the 
cross section of the descending cold stream (for a "closed" duct). 
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CHAPTER 9 

EXPERIMENTAL MODELS 


1. Glass Model 

In the course of verifying the preceding theory, a number of models 
having a similar construction were investigated. The majority of the 
tests were conducted with glass models filled with distilled water. This 
kind of model is represented by a glass burette provided with a series 
of thermocouples. The burette was chosen because the opening of such a 
tube was calibrated with the same accuracy with which the burette was 
prepared, and also because it is well known. As shown by certain meas- 
urements, the manufactured burettes are sufficiently round (i.e., have 
almost the same diameters for any azimuth) . However, the degree of 
cylindricality and circularity (not ellipticity) must be verified in pre- 
paring a convective model from the burette . The need for an accurate 
knowledge of the model diameter follows from the circumstance that this 
diameter (or radius) enters to the fourth power in the formulas. Hence, 
an error of 1 percent in the diameter will give an error of 4 percent in 
the temperature gradient. 

In typical experimental investigations, a fundamental problem is 
us ually the dete rmin ation of the mean characteristic temperature gradient 
over the cross section (and over the perimeter of the section in diamet- 
rical antisymmetry) of the model. For measuring this mean gradient, the 
burette is provided with averaging (over the perimeter) thermocouples 
arranged as follows: 

Attached to the burette are tightly soldered strips of thin wire or 
foils, preferably of brass. The conducting lead from the strip is fur- 
ther extended up to the switch of a galvanometer . Along several (four) 
equidistant generators of the cylinder are stretched thin constantan 
wires, each one soldered to each strip. In this way, each strip forms 
a mult iple (quadruple) thermocouple. 

Thp difference of the average temperatures at the points where two 
strips are located is accompanied by the appearance of a proportional 
electr om otive force between the copper wires extending from the model to 
the switch. The magnitude of this EMF is about 42 microvolts per degree 
temperature difference . 
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The number of these multiple thermocouples on the burette, their 
arrangement, and the distances between them are determined by considera- 
tions with regard to the object of the experl mental investigation con- 
ducted. These considerations are discussed in describing - the experiments. 

For measuring the mean temperature at each zone of the model, these 
thermocouples, giving the average over the perimeter, have proven them- 
selves entirely satisfactory because with thin wires, the part played by 
their thermal conductivity is small, and the errors caused by the thick- 
co ness of the wall (if this thickness is uniform) are mutually compensated 

^ for on the cold and warm sides of the model. 

A heater coil is situated at the lower part of the model for heating 
purposes. This heater consists of a high resistance insulated (prefer- 
ably enameled) wire wound directly on the glass of the burette. The wire 
of the coil is extended by copper (preferably flexible) leads to the cur- 
rent source, where the leads are joined lying on the glass as far as pos- 
sible. The length of the heating coil is from one to two outer diameters 
of the model. The turns of high-resistance wire are wound as close to- 
gether as possible. The resistance of the heater is chosen to suit the 
voltage of the current source so that it is often necessary to make the 
heater of several wires connected in parallel. The wire is then wound 
on the burette in "multiple threads" (a term taken from screw-cutting 
technology) . 

Both wire systems, the measuring and the heating systems, are 
tightly attached to the glass of the burette by fiber bandages (prefer- 
ably of down threads) . 

For stabilizing the outside temperature and the radiation fields, 
the model is placed in a jacket of a thick-walled copper or aluminum 
tube from 5 to 10 t ime s the length of the model diameter. The gap be- 
tween the model and the jacket is equalized by means of centering disks 
put on the model and accurately entering the inside of the jacket. This 
gap is f ille d with pure magnesium oxide (pharmaceutical name magnesia 
usta) used as a heat insulation. 

Figure 14 shows a diagram of part of the model done in sections . 

The fiber bandages are not shown. 

For measuring the "cross temperatures " (the temperature differences 
between the hot and cold side of the model in a cross section) and for 
determining the azimuth of this cross temperature, corresponding "cross 
thermocouples" must be used. 

Figure 15 shows a diagram of a pair of cross thermocouples designed 
for these measurements. Four equidistant generators of the cylinder are 
placed along four elongated strips of copper foil. The weaker the 



66 


MCA m 1407 


convective phenomenon investigated, the shorter these strips should be. 

At the center of each strip are soldered the ends of thin, constantan 
wires extending to the diametrically opposite strip and the ends of cop- 
per wires going to the switch of a galvanometer (thermocouples I and II). 
The entire system is tightly attached to the glass of the .burette by 
fiber bandages, not shown on figure 15. 

For investigating the distribution of the cross -temperature gradients 
along the model at an azimuth fixed by the intentional inclination of the 
model from the vertical, several cross thermocouples must be arranged 
along the model. While the construction of the previously described 
models requires a certain experience and suitable care in operation, the 
construction of multiple cross thermocouples requires very" much more pre- 
liminary and adjustment work. However, even with this method, the pro- 
viding of a satisfactory model is extremely laborious, and it is still 
difficult to recommend some good method (ref. 1, p. 997; ch. 11, sec. 3). 

The glass models, prepared by the methods described previously, gen- 
erally had an internal diameter of about 1 centimeter and sometimes 0.526 
centimeter (for an outer diameter of 0.835 cm). 

It is necessary to take care that the model (notwithstanding the 
presence of the heat insulating jacket) should be located in a place 
where the temperature is constant without air vents or heating installa- 
tions . In an extreme case it may be located in a closet having closely 
fitting doors. If these conditions are not observed, the results of 
measurements are difficult to interpret. 


2 . Metal Model 

For investigating convection the model used was constructed by V. 

V. Slavnov and follows the fundamental features jof the glass model. 

Figure 16 shows the constructional and electrical scheme of the apparatus. 
The letters a, b, c, and d denote the dimensions of the metal tube con- 
nected with the funnel e by means of the connecting piece B. The num- 
bers 1 and 2 denote two stages of quadruple thermocouples. The thermo- 
couples are located on equidistant generators of the pipe. - Using copper 
and constantan conductors of the same length, the quadruple thermocouples 
are joined at special junctions to common conductors connected to the 
change-over switch of the galvanometer. Because the material of the 
tube is electrically conductive (and not identical with the copper or 
the constantan of the thermocouple), it is necessary to join separately 
the copper and constantan conductors with the galvanometer through a 
two-pole switch, including a junction, of fixed tenqperature t^ In the 
circuit of each constantan wire. These junctions are attached to the 
bulb of thermometer T and are Individually insulated. As a control 
one of the thermocouples is connected with a thermocouple attached to 
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the bulb of a second thermometer tg in the same manner. The bulbs of 
both thermometers with the attached thermocouple are dipped in paraffin 
and placed in Dewar flasks . 

A heater consisting of high-resistance enameled wire wound directly 
on the metal of the tube is situated in the lower part of the model. 

The model is provided with thermal insulation which fills the metal 
jacket . 


3. Temperature Recording 

The investigated thermal processes are comparatively slow processes . 
At the thermal, dif f us ivity of water (for room temperature), about 2X10“ ^ 
square centimeters per second, and diameters of the model of the order of 
1 centimeter, the duration of steady thermal processes will be of the 
order of 500 seconds. At the same time, the period of vibration of the 
prevalent mirror galvanometers , which must be used because of the small- 
ness of the thermal emf, of the order of 42 microvolts per ° C, is of the 
order of 5 seconds. Thus, the recording of the readings of one thermo- 
couple by one galvanometer is excessive. Roughly speaking, this is equi- 
valent to obtaining over a hundred readings during one process. 

However, the specification of the thermoelectric recordings requires 
constant checking of the zero position, and the specification of convec- 
tive processes requires the recording of temperatures at certain points 
of the model (close analogy with synoptics). Hence, it is entirely nat- 
ural to determine somewhat the amount of accuracy in order to gain con- 
siderably in reliability and clarity. 

The widely applied method of recording the readings of several ther- 
mocouples consists in the successive recording of the readings "of differ- 
ent thermocouples by means of a single galvanometer. The galvanometer is 
switched from one thermocouple to another in a time interval during which 
the galvanometer pointer succeeds in reaching a new position and record- 
ing this position on the photographic plate. 

Naturally, the requirements on the aperiodicity of the galvanometer 
must here, be raised and the choice of the critical resistance requires 
careful attention. A change in sensitivity cannot be attained by shunt- 
ing the galvanometer alone, or by merely increasing the added resistance 
in the thermocouple circuit. Both these magnitudes must be varied in 
such a manner that the resistance of the external circuit of the thermom- 
eter does not change and become equal to the critical resistance. 

If the resistance of the galvanometer is denoted by p, the critical 
resistance by Rq, the resistance of the galvanometer shunt by r, the 
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added resistance in tbs thermocouple circuit by R, and the relative low- 
ering of the sensitivity (through the voltage) by n, we obtain the fol- 
lowing two equations with the unknowns r and R: 



The first equation of these equations expresses the requirement that 
the external circuit of the galvanometer must always have a critical re- 
sistance. The second equation of these equations connects the required 
magnitudes with the relative lowering of the sensitivity n. If the sec- 
ond equation is multiplied by the current giving unit deflection of the 
galvanometer, it expresses the requirement that this unit “current should 
occur for the shunted galvanometer (left side) for n times the voltage 
(right side), as against the nonshunted galvanometer. 

Solving these equations, we obtain the following convenient formulas: 



(9.2) 


The formulas show that by carefully determining Rq it is possible to 
choose the shunt r and the added resistance R for any lowering of 
the sensitivity of the galvanometer n. 


As a switch for the galvanometer the step selectors used in the 
automatic telephone station are recommended. These selectors have sev- 
eral stages containing from 10 to 30 contact segments and also give a 
wide combination possibility. Near the model the selectors require a 
secure arrangement in removable jackets which help to protect them from 
dust . The contact surfaces of the segments and the springs, must be wiped 
occasionally with a cotton cloth, wet with alcohol. Glazed paper or 
emery cloth must be entirely avoided. 

The leads from the thermocouples should be soldered to the segments. 
Since there are a large number of these leads, it. is necessary to arrange 
the model close to the switch. It is recommended that the leads be made 
of multiple -strand wire resulting in a flexible braid of enameled copper 
conductor of approximately 0.4-millimeter diameter contained in a fiber 
braid. This braid may initially be drawn together with a piece of light- 
ing cord. 
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It is recommended, that the thermocouples he connected to the seg- 
ments in such a manner that the successive switching of the segments 
would he accompanied by the successive recording of the fluctuating tem- 
peratures (i.e., in the course of a cycle the recordings of the cases of 
temperature rises should he grouped together, and the cases of tempera- 
ture drops should also he grouped together, so that the transition from 
the rising to the lowering temperatures will occur as infrequently as 
possible, no more than once per cycle). This requires great care in 
marking the ends of the multistrand wire before soldering the ends of 
the wire to the thermo couples and segments . The observance of this rule 
greatly increases the meaning of the photorecordings. . ..... 

The step selector is subjected to the action of an electromagnet. 

The connection of the electromagnet is effected from the contactor of 
the control cam disk, located on the shaft of a Warren motor. In pre- 
paring the contactor, it is advantageous to make use of semifinished ma- 
terial such as that used for the telephone apparatus . 

The breaking spark of the electromagnet circuit produces rapid wear 
of the contacts . The safe wear of the electromagnet of the step selector 
requires power of the order of 20 watts, maintained for a short time. 
Hence, depending on the source of the current brought to act on the elec- 
tromagnet, various schemes are recommended for retarding the wear of the 
contacts . 

For low voltage sources of current (a battery of 4 to 4.5 volts) 
the electromagnet must be wound with enameled wire of an approximate 
diameter of 0.6 millimeter, altogether, about 400 turns and about 1 ohm 
resistance. Here, it is recommended to use the contact device with 
which the armature is usually provided, as is shown in figure 17 . At 
the instant the current circuit is closed by the cam disk of the Warren 
motor (working contact l), the armature of the electromagnet of the step 
selector has not yet opened the block contact 2, shunting the added re- 
sistance of about 10 ohms. A total current of the order of 4 to 5 amp- 
eres, sufficient for the instantaneous operating of the step selector 
(switching of the galvanometer to the following thermocouple), passes 
through the winding electromagnet. Contact 2 opens practically without 
a spark, and through winding electromagnet a current of about 0.5 ampere, 
sufficient only to hold the electromagnet armature in the attracted po- 
sition, starts to flow. The armature drops when contact 1 opens, and 
like contact 2, occurs practically without a spark. The very slight 
residual spark may be eliminated by shunting the electromagnet with a 
res istance of approximately 100 ohms . 

In this low-voltage scheme it is necessary to pay great attention 
to the condition of the contacts. It is particularly harmful to use oil 
which may find its way from the motor to contact 1. It is recommended 
to wind high-resistance wire (a resistance of 10 to 100 ohms) on the 
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bobbin of the electromagnet and, thereby, avoid excessive construction 
detail. 

With a high-voltage current source (e.g., a hard rectifier of 300 
volts), it is recommended to bring the electromagnet into action with a 
condenser, according to the scheme of figure 18. The center of the fig- 
ure shows a typical (selenium) rectifier. The center of the rectifier 
is connected with the phase wire of the city current through a block con- 
denser. The capacity of this condenser is conveniently chosen because, 
in the case of a faulty circuit, it should serve to limit: the current, 
and thus protect the rectifier from overheating. For example, for a lim- 
iting current of the rectifier of 40 milliamperes , its capacity should 
be chosen of the order of 1 microfarad. 

The rectifier charges the main condenser of large capacity (electro- 
lytic). The size of this condenser is chosen experimentally as a function 
of the parameters of the electromagnet. This scheme is not exacting re- 
garding the parameters of the electromagnet but functions, well with elec- 
tromagnets containing a greatly differing number of windings and, there- 
fore, having different resistances. The higher the number of windings, 
the smaller the capacity of the condenser sufficient for good operation 
of the scheme, but the more destructive is the breaking spark in working 
contact 1. The closing contact spark does not strongly affect the work- 
ing contact . 

In the regulation of the step selector it is necessary to note care- 
fully that the operation of the electromagnet should occur instantly and 
rapidly, and it should also be accompanied by the jumping of the contact 
springs as far as possible from the center of one segment to the center 
of the neighboring segment, and so on along the entire selector. 

The wires to the photo recording galvanometer may be sufficiently 
long, and the galvanometer itself can be situated in the photo 
laboratory . 

Further on, examples of photo recordings will be given. On the lat- 
ter, the recordings of the same object serve as indicators of the time. 

The distance between the recordings corresponds to the lag of the switch 
multiplied by the number of segments or objects recorded. On many of 
the recordings flaws, ejections, gaps, and scallops will be found. These 
imperfections served as reasons and material for the previously discussed 
guiding remarks . 


4. Investigating Thermal Parameters of Model 

The early theory of the thermal convection of a round channel con- 
nects the parameter of thermal convection (the critical vertical temper- 
ature gradient A) with the thermal conductivity of the surrounding mass 
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(see fig. 4). Hence, -where the experimental investigation verifies 

this theory it is necessary to compare the results obtained with this 
value of the thermal conductivity of the surrounding mass, equivalent 
to the corresponding parameter of the given model. 

Although the thermal properties of the materials of which the model 
is made may he known, the construction of the model is, nevertheless, 
sufficiently complicated. Hence, the computation of the equivalent 
thermal conductivity may not he theoretically reliable. Thus, there 
arises the constant requirement of a method for directly determining 
the over-all thermal parameters on the model, one of which is the equi- 
valent thermal conductivity of the surrounding mass . 

The preceding method is based on the photorecording of a special 
thermal process occurring in the air-filled model. This special process 
is produced by a small heater coil, heated by a constant current and 
drawn inside the model from end to end with a constant velocity with the 
aid of a special pile-driver arrangement. -- 

The heater (fig. 19), is constructed in the following manner. On 
a glass tube 120 millimeters long and 1.0/3.0 millimeter in diameter a 
red copper pully (2) is securely mounted. The groove of the pully is 
filled up to the edges with coil 3 of const ant an wire, which constitutes 
the heater itself. The diameter of the pully is such that it fits in- 
side the model, almost without friction. A double copper wire from the 
heater of the make PShDL with a 0.21-millimeter diameter serves, at the 
same time, as a lifting cable. The heater entered into the vertically 
arranged model under the action of its own weight, increased by a lead 
weight, not shown in the figure. The cable is attached to the drum of 
the photorecording apparatus thus serving simultaneously as a pile- 
driver mechanism. Hence, the velocity of motion in the duct of the 
model is equal to the rate of the photo recording. 

Figure 20 shows schematically the model investigated and the junc- 
tions of the thermocouples to the switch segments where T denotes the 
tube of the model, A the aluminum jacket, M the charge of magnesium 
powder, insulating the model from the jacket, and P the moving heater. 
The dotted lines denote the constantan wires of the thermocouples. 

The equation of heat balance applicable to an element of the tube 
length dz (fig. 21), may be written - 




a 2 * 


pcS dz + ZtfRja, dz 0 = 7\jB — — 


dz 


. dP 


dz 


(9.3) 
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where p is the density of the material of the pipe; c , the heat capac- 
ity; the heat conductivity; S, the cross section of the tube wall; 

2Rj_, the outer diameter; 9 , the temperature of the tube element dz aver- 
aged over the volume; P, the power input of the heater; and a, a coeffi- 
cient characterizing the heat transfer from the tube to the heat 
insulation. 


Collected on the left side of the equation are the terms character- 
izing the heat loss in the heat capacity of the element and in the heat 
losses; collected on the right side of the equation are the terms char- 
acterizing the heat gain through the thermal conductivity of the wall and 
the heater. Dividing by dz, bearing in mind that the power P of the 
heater moving with velocity v is a function of the argument (t - z/v), 
and regrouping the terms, we obtain 


\S 


g& 

Sz 2 


pcS = 

P = P (* " f) 



We set 


*-*-n 


dz = - v dx 
P - P(x) J 


> 


(9.4) 


(9.5) 


and seek to obtain the solution of this nonhomogeneous , linear-partial 
and differential equation with constant coefficients in the form 


9 = 0(x) = e (* - f) ^ 


de 

St “ 


0' 


a 2 e 

dz 2 



0" 



(9.6) 


Kiis substitution gives the following ordinary differential equation: 
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This linear "but nonhomogeneous equation with constant coefficients may, 
in our case, he reduced to a homogeneous equation. Because the axial 
dimenions of the heater are so small that it may he considered as a point 
source of heat. The function P(x) will, therefore, he zero everywhere 
except at the point where the heater is situated at the given moment 
("delta function"). At this point, the entire power P of the heater 
is produced . Thus 


when x ^ 0 


when x = 0 


dP ^ 
3x = 0 




L/-oo 




(9.8) 


dP 


dx = P, 


form 


Equation (9.7) for all values of x, except x = 0, assumes the 




\S 


(9,9) 


We shall seek a solution in the following form: 


e = e 0 e* x 

whence, after substituting in equation (9.9), we obtain 
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(9.12) 
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when x < 0 


g^x 

& 

lg0 = lg0 o + q-^xlge 


0 = 0 o e 





when x = 0 


dlg0 dlgO 
dx - dt 


<lllge 


0.4343q^ J 


(9.13) 



(9.14) 


when x > 0 


when x = ±°° 



dlg0 

dx 


0.4343 qg 



(9.15) 


0 = 0 
0 ' = 0 
0 " = 0 

The trend of the curve 0 = 0(x) is shown in figure 22 , 
logarithmic scale, in figure 23. 



(9.16) 


or in semi- 


The entire heat, obtained by the tube from the heater, is, in the 
final, analysis, expended only in the heat transfer characterized by the 
parameter a. Mathematically, this corresponds to the following: in- 

tegrating each term of equation (9.3) between the limits -<» to -h», 
we obtain — 


P"va i§ a* ♦ H,. /*" « dz = jub /”" S$ § a* + p 0 (9.17) 
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n +00 
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I — l 
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+ Tr 


(9.19) 


Because of the relations (9.16), the substitutions give zero. Hence, 

PO 


nr, = ■ 

n + oo 

z ^L 


(9.20) 


9 dz 


Moreover, from equations (9.13), (9.14) and (9.15) there is obtained 


p+ co rio qx p 

L e ° e 331 -Vo 

• v ft + 


e o e 




dx 


(9.21) 


Having experimentally determined the form of the function 9 = 0(t) for 
z = constant by photorecording and having measured the photorecord of 
figures 22 and 23, the integral may be obtained by the direct summation 
method of 0 = 0(z) as well as by the (check) computation method in terms 
of the slopes of the curves q^ and q 2 . Thus, the egression (9.20) 

permits determining the first thermal parameter of the model a charac- 
terizing the heat losses . 

We recall that it is connected with the thermal conductivity of the 
insulation Ag the relation (ref. 2, p. 27), so that 


2itR^a = 


2 **2 
, R 2 

Eg 

*2 “ R l a ^ 17 




(9.22) 


In this formula. Eg denotes the inside radius of the jacket A ia fig- 
ure 20, having a constant (room) temperature . 
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From equation (9.1l) there follows 


<ll<l2 


ZtcRjclv' 


2 


” Sq-j^C-qg) 


pcv 

\ 


- *1 


P c = “2 («1 + < a 2 ) " 



(9.23) 


(9.24) 


Equations (9.20), (9.23), and (9.24) give the complete solution of 
the problem of the experimental thermal parameters of the model. 


7 

Figure I gives an example of an automatic record similar to those 
of figures 22 and 24. Its evaluation is similar to that of figure 23. 

The symbols A, #, □, and O in figure 24 denote the points of the aver- 
age curves of the photograph obtained in moving the heater upward in the 
model, and the crosses denote the points of the photograph obtained in 
letting the heater move downward. The motion occurred with constant 
velocities . All the curves are drawn in such a manner that the maximum 
ordinate corresponds to zero on the axis of abscissas . 


As may be seen, the form of the curves on figures 
same . Measurements on the graph of figure 24 gave the 


23 and 24 is the 
following values: 


— = 470 sec 
*1 

1 

— r~ = 1150 sec 
_q 2 



(9.25) 


The measurements of the three curves on the same photograph (fig. I), 
gave the following value: 



6 dz = 0.242 



6 = 


0.242X773.5 

8.4 


22.2 deg cm 


(9.26) 


The figures denoted by roman numerals refer to the photographic 
records . 
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la this record, 0.242 centimeter is the linear length, corresponding to 
one work, cycle of the switch (distance between the photo marks), and 
8.4 millimeters per degrees is the sensitivity of the galvanometer deter- 
mined by means of the graduated record; the upper horizontal series are 
the points corresponding to 0.300 millivolt, that is 7.15° C. The num- 
ber of 773.5 millimeters is the sum of ai 1 the ordinates of the photo 
record. 

The computation check by formula (9.2l) gave 



0 dz = 22.4 deg cm 


(9.27) 


The record was taken for the glass model of 11.28/13.28 millimeters 
in diameter for a heater power of 0.0532 watt = 0.0127 calorie per second. 
By formula (9.20) the following average value is then obtained: 

a = 1.46x10“^ cal/deg sec crn^ (9.28) 

It should be remarked that of this number, the proportion falling to the 
signal copper (A = 0.9) wires of 0.41-millimeter diameter with cross- 
sectional area 0.00132 square centimeter, at a distance of 6 centimeters 
from, each other along the model length (each of them 1.68 centimeters 
long to the jacket) is 


0.90X0.00132 
“l " 213^X6X1.68 


0.28x10” cal/deg sec cm? 


(9.29) 


By formula (9.22) the following is then obtained for the thermal conduc- 
tivity of the magnesia: 


Ag = 0.62(1.46 - 0.28) x io~ 4 x 1.27 

= l.OOxio"^ cal/deg cm (9.30) 

(The thermal conductivity of the air at 20° C is 0 . 60 XLO - ^ cal/deg* cm). 
By formula (9.23) for the thermal conductivity of the model, there is 
obtained after substitution 


v = 0.00311 cm/sec; S = 0.38 cm 2 ^ 

jtxBR^ov 2 

Al = Sq^-tlg) I 

_ 3 . 14X135X1 . 46XL0~ 4 ( 0 . 00511 ) 2 x47QX1150 | 

0.38 

= 84*10“^ cal/deg cm 
AjS = 31.8XL0” 4 cal cm/deg 


(9.31) 
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The molecular thermal conductivity of the water in the model channel is 

14KL0"^ calorie - centimeter per degree (i.e., less than half the thermal 
conductivity of the walls). 

It should be noted that of this number, the proportion falling to 
the four constantan wires of diameter 0.21 millimeter is 

A'S' = 4 X 0.054 X 0.000345 = 0.75*10 -4 cal cm/deg (9.32) 
The corrected value for the glass is, therefore, obtained as follows: 

A,S = 31.0X10" 4 cal cm/deg 
1 (9.33) 

A^ = 82xi0 -4 cal/deg cm 

If formulas (5.27) are considered, then, for the models of 
U. 28/13. 28 millimeters in diameter of the same kind of glass with which 
the majority of the tests were conducted, it is found that the thermal 
conductivity of the equivalent surrounding mass A e is obtained equal 

to 0.00141 calorie per degree - centimeter (i.e., of the same order as 
the thermal conductivity of the water) . Thus, for these glass models, 
we have approximately A = A e - 

By formula (9.24) we obtain 

pc = 1.64 cal/deg cm^ - (9.34) 

Hydrostatic weighing gave p = 2.59 grama per cubic centimeter. The 
thermal capacity of the model glass is then c = 0.63 calorie per degree 
squared. 

In the carrying out of this method, the following especially impor- 
tant difficulties require careful attention. 

It is necessary that the heater actually be a "point” source (i.e., 
that the axial dimensions of the heater should not exceed the radial 
dimensions). With a heater three times the diameter length, good record- 
ings were likewise obtained but their interpretation presents extreme 
difficulties . 

Each of the upper set of thermocouples registers a rise in temper- 
ature when the heater passes by the lower thermocouples and registers a 
lowering temperature, even in comparison with the jacket, in the inter- 
mediate positions of the heater. The phenomenon is greatly weakened 
when the upper part of the glass tube of the heater (fig. 19) is wound 
with a wool filament over its entire length almost up to the inner 
diameter of the model. This difficulty is evidently caused. by the con- 
vection of the air in the tube over the heater. Hence, to remove the 
air, it is expedient to arrange the model horizontally. 
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This method has a number of defects that lower its reliability. 

The th inn er the model wall as compared with its diameter, the more heat 
conducting its material as compared with the heat insulation; the th inn er 
the thermocouple wires, the more reliable is the method and the higher 
the quality of the investigated model. 


D 
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CHAPTER 10 

EXPERIMENTAL IDJVESTIGATICN OP FREE THERMAL CONVECTION IN VERTICAL 
MODELS OF ROUND CROSS SECTION FOR STEADY REGIME 


1. The Two Regimes of Thermal Convection and 
Their Dividing Critical Point 

Numerous measurements , observations , and photorecordings carried 
out on different vertical models have led to the conclusion that for a 
moderate heating by a heater coil, situated in the lower part of the 
model, a convective motion of the fluid arises in the model. In its 
fundamental features , this motion is correctly described by the pre- 
ceding theory. 

The details of the observed phenomena are the following: After a 

moderate current is established in the heater circuit, the temperature 
distribution along the model undergoes more or less strong changes at 
* first (see ch. 11 ). These changes gradually cease after the elapse of 
a certain time, and a definite steady temperature distribution is estab- 
lished. This distribution is characterized by an almost constant ver- 

Q 

tical temperature gradient along the model. 

The magnitude of this gradient within broad limits does not depend 
directly on the power input to the heater (table VIII) and only slightly 
changes with the temperature of that part of the model where the gradient 
is meas ured; on raising the temperature, the gradient decreases. The 
sense of the temperature gradient is always such that it is warmer below 
the gradient than above. 

Thus, the phenomenon of convective heat transfer by a fluid in a 
vertical tube differs from the molecular heat transfer in solid bodies 
in the following properties: (l) by the practically constant gradient 

along the model, and (2) by its independence of the power input of the 
heater . 


8 If the fluid would solidify, the constant gradient along the model 
would change into a gradient decreasing by the exponential law (fig. V). 
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Figures V and VI coup are examples of photorecordings of the temper- 
ature distribution along a model through convection, and in the case 
■where the fluid is replaced hy a trass rod tightly fitted into the model. 
The upper curve gives the temperature of the lower, warmest thermocouple 
(table VIII, pts . I and II) . 

Check tests established that this regime corresponds to the laminar 
motion of the fluid. Figure II shows a photograph of the path of the 
particles of aluminum powder suspended in water in the model, and illum- 
inated from the side. The photograph shows how a flow with axial symmetry 
inside the heater is arbitrarily formed over the model length in the flow 
with diametral antisymmetry: on the right the warm fluid rises, on the 

left, the cold fluid descends (fig. IH shows a photograph of the upper 
part of the same model) . 

.For very small heating power inputs in the model filled with fluid, 
as in the case of a solid body, an exponential law of temperature dis- 
tribution is observed. This law is valid only in those parts of the 
model where the temperature gradient has not reached the characteristic 
magnitude. It is necessary to assume that for these small powers there 
are no corresponding gradients of the convective motion, and the non- 
moving fluid behaves like a solid body. At each part of the model, the 
temperature gradient is proportional to the heating power. 

Likewise, when a greater current flows into the heater circuit, a 
more or less violent naasteady regime, changing rather rapidly to a new 
regime which only with reservation may be called steady, is observed at 
first. The temperature recording is now uneven and reveals erratic fluc- 
tuations . The vertical gradient of the temperature undergoes Jumps (at- 
taining 30 percent of its mean value). This mean gradient is practically 
proportional to the heating power at each part of the model. 

By check tests using the suspended aluminum powder, it was found 
that the convective flow now has a turbulent structure; the scale of the 
turbulence being of the order of the channel diameter of the model. 


Thus, for small vertical temperature gradients the fluid is appar- 
ently stationary, the heat transfer along the model probably was deter- 
mined by the molecular thermal conductivity. Cta attaining the charac- 
teristic temperature gradient, a laminar convective fluid motion arises 
which is capable of transfering large thermal powers in a relatively 
wide range of these powers. To exceed the characteristic gradient 
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is possible only at tbs expense of disrupting the laminar motion of the 

g 

fluid, that is, at the expense of rendering the flow turbulent. The 
thermal properties of such turbulent convective flow resemble the prop- 
erties of a solid body. 

Prom the preceding considerations it is seen that the characteristic 
gradient has the following critericnal value, namely, that- the character 
of the fluid motion is determined by the magnitude of the gradient. Be- 
low this gradient, the fluid is calm, its flow being laminar, while above 
this gradient the flow becomes turbulent . 


g 

For contrast we recall the conditions of laminar flow, namely, the 
equation of a streamline must not contain the time in explicit form. The 
equations of a streamline are as follows: 


or 



dx __ v x 
dy ~ v 

^ y 

dz __ v z 
dy “ v 

y 


For 


motion it 


is necessary that 


bv Sv x 3v bv z 

b f* x \ a Hz\ „ , _ v x SF ■ v y ST v z W “ v y W 

1 -*-' — 4 4 — 


then 


or 


^v x 3vy ^z 

MI = MI = IE 


3 In v x 3 In Vy 

St bt 


3 In v z 

St 


= ft 


For steady laminar flow, ft must be equal to zero. 
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The characteristic gradient determines the hydrodynamic critical 
point: a sharp qualitative change in the character of the fluid motion. 

The turbulent fluid motion may he characterized as above the critical. 


l— I 
CO 
cvn 


2 . Constancy of Value of Convection 
Parameter in Laminar Regime 

Numerous measurements of photorecords and other measurements have 
shown that the convection parameter 3 equation (5*16) 


| 3 4 = (kR) 4 = S&st (10.1) 

actually possesses an almost constant value, as defined by formula (5.15), 
figure 4, and table II. For example, for glass models this value is 
approximately equal to 100. Considering the previous statement that for 
glass models the ratio A e /?\ was found to be approximately 1, we arrive 

at the conclusion that formula (5.15) satisfactorily applies to glass 
models (table VIII ) . 


Careful measurements, carried out by V. V. Slavnov cn a brass model 
filled with water gave the value | 4 = 186±2. The corresponding value 
of the thermal conductivity of brass lies within the limits of the tabu- 
lated values. The preceding findings Bhow that formula (5.15) is also 
sufficiently accurate for metal models. In particular, it is entirely 
evident that with an increase in the temperature , the parameter gp/vx 
increases j the vertical temperature gradient A should decrease so that 
the convection parameter | 4 maintains its critical value. 


3. Quantitative Characteristic of Above -Critical 
Regime of Thermal Convection 

As an orientating characteristic of the quantity of heat transfered 
by convection in the above-critical regime, we enrplqy a provisional mag- 
nitude defined as follows: 


Hu* 


Q 

jffi 2 7\A 


( 10 . 2 ) 


where Q denotes the heating power j A, the time average of the temper- 
ature gradient for the above-critical regime and the remaining symbols 
have their previous meanings . If Q denotes the thermal power trans- 
ferred by convection at a given section of the model (where the gradient 
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is equal to A) , the expression (10.2) could provisionally have been de- 
noted as the Nusselt number Hu** applied to beat transfer through con- 
vection from the low- lying parts to the high- lying parts of the model, 
from fluid to fluid (eq. (5.17)). The accurate meaning of the Nusselt 
criterion refers to the transfer of heat from a solid body to a fluid , 
or conversely . Thus, the parameter Nu* in the preceding expression 
has, to a large degree, a provisional character. Nevertheless, from 
several series of tests with different glass models it was found that 
the values of Nu* for the above -critical regime have a relatively s mal l 
scatter about a mean value. Figure 25 6howB the results obtained to a 
large scale , the different symbols corresponding to different models in 
different tests. As seen, the points arrange themselves about two inter- 
secting straight lines where the vertical line corresponds. to the laminar 
regime and the horizontal line to the above-critical regime . Figure 25 
also shows, to a small scale, the relation between the previously men- 
tioned intersecting straight lines, curve I, and two known functions of 
the true Nusselt criterion for the cases of transfer from a solid body to 
an unlimited fluid, curve II, and through a liquid layer, curve III (as a 
function of the convection parameter |^). 

From this graph the following conclusions may be drawn: 

(a) Although Nu* is of a provisional character, its approximate 

independence of the convection parameter in the above-critical regime 

reflects an analogy of the thermal properties of the fluid in this regime 
with those of a solid body. (See initial part of curve III). 

(b) The disposition of curve I is in striking contrast to that of 
the known curves II and III. This contrast corresponds entirely to the 
different meanings of the parameter Nu* and the true Nusselt number 
Nu. 


(c) The numerical value of Nu* (l46Q±80), determined from the data 
of table VIII, is 'undoubtedly much larger than the value of Nu** having 
a better defined physical, meaning. The value of Nu* must be considered 
as an upper limit of the possible values of Nu** (for the glass models 
investigated; see also formula (10.10)). 


4. Presence of Transverse Temperature Gradients 
and Results of Their Measurements 

One of the most important indications of the laminar convective ther- 
mal process described by the formulas of chapter 5, section 1, is the 
fact that in this process one side of the model is warmer than the other. 
The experimental verification of this is of great significance in estab- 
lishing the reliability of these formulas . 
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For measuring the transverse gradient, it is necessary to provide 
the model with transversely situated thermocouples as described in chap- 
ter 9, section 1. The measurement of the transverse temperatures was 
carried out close to the critical powers. Under these conditions, the 
model represents a good heat conductor. Hence, the role of the heat in- 
sulation becomes small so that tests were conducted on glass models sit- 
uated in air, without any special heat insulation. 

It is convenient to compare the measured transverse temperature dif- 
ferences with the vertical characteristic gradient and to express them In 
terms of a number of model diameters over which the horizontal difference 
is equal to the vertical. Such "relative" transverse temperature differ- 
ences expressed in model diameters have a definite physical sense for the 
laminar regime. From, formula (5.5) and related formulas, it follows that 
the transverse temperature difference is equal to 


0 r=+R ‘ e r=-R “ e + “ e - = 


2 X 2 X 


& 


(10.3) 


The "relative" transverse temperature difference will, by definition, be 
equal to 


2AR 


2vk 2 
g&AR V 1 


(10.4) 


On the other hand, from formulas (5.10), (5.17), and (10.2), we obtain 

jtpcv n. - 


.** _ Q _ 


Hu*"* = 


«R 2 AA 2gP*R 2 M 


D < .jQ 4 


2gpA*R 


(10.5) 


where the braces denote the same expression that appears in the braces 
in formula (5.10). Eliminating the magnitude v-j_ from the equations 

(10.4) and (10.5), we obtain 


Nu** = 


AA 

2gpAXR 2 



4V 2 k 4 



( 10 . 6 ) 


Thus, the thermal power transferred by the laminar convective f lew- 
is proportional to the square of the relative transverse temperature 
difference . 
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For glass models , when A e « A, g = IcR 3 3.2 and * 100, the 
expression in braces in approximately equal to 30.3. Hence, approximately 

9 - 0 

— J ( 10 - 7 ) 

If formulas (5.22) and (5.23) are used, and the transverse temper- 
ature difference & e+ ~& e is computed on the outer surface of the glass 

model, then for Ag << A-^, 0 e+ -0 e _ is almost equal to or somewhat less 

than & + -0 _ : 


Hu 


#* 


4 




e ~ e 

e+ € 


0 + - 


e 


( 10 . 8 ) 


Substituting the outer transverse temperature difference 0 -0 

“t G “ 

for 0 + -0 in formula (10.7), we shall obtain a somewhat lowered value 
for Hu**. 

The measurements revealed very considerable outer transverse temper- 
ature differences. For example, in a model of about 1. 2/1.0 centimeters 
in diameter for a heating power of 0.169 calorie per second, a relative 
outer temperature difference of 10.4 tube diameters was found, corres- 
ponding to. 


Hu** * 430 . (10.9) 

At the critical heating power on the boundary of the transition from 
the laminar to the above-critical regime a "maximal" transverse cuter tem- 
perature difference of 15.5 diameters (l.3° C absolute) was obtained, 
which gives a value 

Hu** « 960 (10.10) 

This number is to be considered the lower limit for the Hu number pre- 
viously computed from other considerations (sec. 3). 

Further measurements showed that small deflections of the tube axis 
from the vertical increased the transverse temperature difference. Since 
these deflections simultaneously increase the critical power, they also 
increase the maximal value of the transverse difference . For example, 
for an inclination of the axis of the model of 5.75° from the vertical, 
the maximal (below-critical) transverse outer temperature difference was 
obtained equal to 2.0° C or 24 diameters. Hence, for an inclined model, 
Hu** » 2300 (ch. 17, sec. 4). 
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All these measurements are related to the magnitudes of the trans- 
verse temperature gradient. 


5. Fluctuation of Azimuth of transverse 
Temperature Gradient 

It was established that the azimuths of the transverse temperature 
difference (fig. 6) are more or less stable only for an inclined model. 

For example, at an inclination of 5.75° and a heating power of 0.169 
calorie per second (laminar regime) , the probable inclinations of the 
azimuth, as a result of numerous measurements, were approximately ±1.7° 
of an arc. For the same inclination at the above-critical regime (heat- 
ing power 0.68 cal/sec), a probable inclination of ±11° of an arc was 
obtained. The sign of the transverse difference in the inclined model 
corresponds to the original assumption that the upper side is warmer than 
the lower side . 

For a vertical model, the azimuth of the transverse temperature dif- 
ference is very unstable even for the laminar regime. Random arrangement a 
and arbitrary rotations of the plane of diametral symmetry are observed. 
For example, figure 26 shows the variation with time of the relative outer 
temperature difference, considering its azimuth. In figure 26 the simul- 
taneous values of the relative transverse temperature difference (ex- 
pressed in diameters and observed by means of both sets of thermocouples) 
are laid off an the coordinate axis. If these values are combined by the 
parallelogram rule, then with each pair of such values a definite direc- 
tion of the vector of the relative transverse temperature difference may 
be associated. This direction coincides with the normal to the plane of 
antisymmetry whose length more accurately describes the transverse temper - 
ature difference than each of the separate components. These values were 
taken into consideration in the preceding discussion. 

The preceding figure (fig. 26) shows in a half hour how the trans- 
verse temperature difference described almost the entire surroundings 
(the marks were made after each minute of time) . 
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CHAPTER 11 

EXPERIMENTAL INVESTIGATION OP UNSTEADY REGIMES OP THERMAL 
CONVECTION IN MODELS OP ROUND CROSS SECTION 


1. Theoretical Considerations for Steady Process 

Figure 27 shows a segment of a channel model. Por imperfect heat 
insulation of this segment, the part of the heat q. » pc0v transported 

by convection downward from the source will be greater than the part of 
the heat q.g carried -upward, so that a part of the heat q’ will pass 
through the heat insulation over the length of the segment. Hence, the 
curves q, v, and 9 at the upper boundary of the channel segment will 
be below the corresponding curves referred to the lower boundary of the 
same segment. Por this reason, the part of the streamlines of the con- 
vective flow from the rising stream ton the right) will bend into the 
descending stream (on the left). At the central section the fluid veloc- 
ities, though small, are not zero, and are directed horizontally. The 
theory of this phenomenon is discussed in chapter 15, section 5. 

Experiment confirms this theoretical picture. Figure III shows a 
photograph of this convective flow which was made visible by adding to 
the water a certain amount of aluminum powder brightly illuminated frcm 
the side. A thin-walled glass tube with a diameter of 38 to 40 milli- 
meters, without any heat insulation and heated at its lower part, was 
used for the model. The photograph shows the bending of the streamlines 
both near the cold top and along the model according to the scheme of 
figure 27 (fig. II). 

Since in a laminar convective flow along the model a constant mean 
temperature gradient over the cross section is established, both this 
mean temperature and the heat- losses through the imperfect heat insula- 
tion q' are a linear function of the vertical distances z along the 
model. The heat expenditure required to cover the losses from the top 
of the model to a given section z is a quadratic function of the dis- 
tance z. The total heat supply Q covering these heat losses is also 
a quadratic function of z. Hence, the velocity v is again a linear 
function of the distance 

v » v m • (H -l) 

m - 
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The origin from which the vertical distances z are computed is 
laid in the section where the convective motion ceases. Beyond this sec- 
tion the heat transfer continues, but this condition is probably only due 
to the molecular thermal conductivity of the fluid and of the model walls. 
This process corresponds to the transfer of heat through a solid rod, and 
the corresponding temperature is an exponential function of the distance 
z. The combining of both laws occurs for z = 0 under the conditions of 
continuity of both the mean temperatures and the thermal flows (i.e., the 
temperature curve in this case has neither a jump nor a break). 

Figure 28 shows the previously described distributions of tempera- 
tures and velocities to the correspondingly chosen scales. Above the 
point z » 0, the exponential law of temperature change combines with 
the absence of the convective velocity v. 

Between the two sides of the model, where cos <p » ±L and the ve- 
locities of the rising and descending flow are respectively maximal, the 
following transverse temperature difference is observed: 


( 11 . 2 ) 

Hence, on the same figure it is possible to represent & + - Q_ by 
the same straight lines as v in a correspondingly chosen scale. 

On the basis of equation (ll.l) the effective path of the thermal 
flow for an infinitely small time interval dt may be computed, so that 


0 + - e. 


. vk 

4 — — v 

gP 


dz = vdt 


v m 

z — dt 
2^1 


(11.3) 


By integrating this equation, the dependence of the path traversed 
by the flow as a function of the time can be determined: 


J ¥ 


a lB Z a 1H 


\ v m J [v m 4vk^ J 2m 


(11.4) 


From this formula it follows that the time t required for the con- 
vective flow to reach section z is a logarithmic function of z, v, or 

(e + -e_). 
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2. Fundamental Differences in Unsteady Regimes in Presence 
and in Absence of Convection 

In order to investigate nonsteady regimes, the electric heater of 
the model was connected to a storage battery through a program switch. 
This switch consisted of a separate telephone selector, successively dis- 
connecting and connecting, thereby adding resistance in the heater cir- 
cuit. The sections of this added resistance were chosen so that the 
power of the heater varied approximately in the ratios 0:1:2:3:4:3:2:1:0. 
The heating power corresponded to 0; 0.012; 0.025; 0.040; 0.054, and so 
forth, calories per second. Each stage was maintained for 3 hours. Fig- 
ure IV shows an example of a record. 

For comparison, figure V shows a similar record where a tightly fit- 
ting brass rod was introduced into the burette in the place of water. 

The power at each stage was maintained for 2 hours . Comparison of both 
photographs shows that the phenomena of convective heat transfer differ 
from the corresponding phenomena of the molecular heat transfer in a 
solid rod. 

In the steady regime, the difference consists in the fact that the 
temperatures (distances of the horizontal segments of the curve from the 
zero line) of different thermocouples follow, for convective heat trans- 
fer, a linear law; and for a solid rod, an exponential law_. The slight 
deviation of the former for the hottest thermocouples is due to their 
closeness to the heater, near which the horizontal components of the ve- 
locity are also sharply expressed (fig. II shows the lower part of the 
flow presented in fig . Ill) . 

In the unsteady regime, the difference consists in the fact that the 
change of temperatures with time according to the exponential law, mark- 
edly expressed for the solid rod, is only very approximately expressed in 
the convective case. 

A particularly sharp difference is noted at the start of the record. 
Figures VI and VII show photo records taken for accelerated motion of the 
photographic plate and show how the thermal process reaches successively 
from thermocouple to thermocouple. Figure VIII shows a photograph, which 
was obtained by I. P. Merzlyakov on another model. The graph of figure 
29 was constructed from the measurements of the initial parts of figures 
IV and VIII. On the axis of the abscissas is laid off, to arbitrary 
scale, the time corresponding to the first appreciable deviation of the 
temperature of the given thermocouple from the temperature of the jacket; 
on the axis of ordinates, the logarithm of the mean established tempera- 
ture (relative to the jacket). The points adjust well to the straight 
lines. 
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Formula (ll.4) thus ohtains a first experimental verification. 


3. Unsteady Processes Described, by transverse Thermocouples 

The preceding type of photographic records describe the course of 
the mean temperature at a given section of the model. This mean temper- 
ature is established as a result of the heat losses transmitted by con- 
vection in heating a given segment of the model, and in covering the heat 
losses. Therefore, on the records the heat transfer appears only in the 
form of its result and not in itself. The intensity of the transfer may 
be followed more clearly from the observations of the transverse temper- 
ature difference 0 + - 0_. 

For this purpose, a new burette model was provided as described in 
the preceding paragraphs (ref. 1, ch. 9, p. 991). This model has several, 
transverse thermocouples, attached at distances 50 millimeters apart, and 
three averaging thermocouples which were attached alternately to the first 
thermocouples at a distance of 200 millimeters apart. The transverse 
t> thermocouples were constructed in the following manner. A copper wire of 

ja 0.41-millimeter in diameter was extended along the burette generator, 

w Along the generators on the opposite side of the burette, eight rhombs of 

i copper foil of 0.10-millimeter thickness, with a side one-third the 

o burette diameter and an angle of 60°, were attached. A constantan wire 

of 0.21-millimeter diameter was soldered to the center of each rhomb and 
encompassed the burette as a belt. The ends of this wire were soldered 
to the longitudinal copper wire. 

The copper wires soldered to the corners of the rhombs were connected 
to the change-over switch of a galvanometer. The longitudinal copper wire 
was connected directly to the galvanament er , and served as a common lead 
for all the thermocouples . 

For stabilizing the azimuth of the laminar convective process the 
model was fixed at an angle of 45° to the vertical, without any heat in- 
sulation, so that the copper wire coincided with the upper generator and 
the rhombs coincided with the lower generator of the model. In this way, 
the transverse thermocouples measured the transverse outer temperature 
difference 0 e+ - 0 e _ to a certain scale (i.e., the velocity of convec- 
tive flow v) . 

By parallel tests with other models it was established that an in- 
clination of the model up to 45° to the vertical does not strongly dis- 
turb the process of convective heat transfer in its most essential 
features (ch. 17). 



92 


M.CA TM 1407 


Figure IX shows a sample of a record. The temperature of the lower 
averaging thermocouple is recorded above the zero line. The transverse 
temperatures of the bottom (first) and top (eighth) thermocouples are 
recorded below the zero line. 

Figure X shows an example of a record when the velocity of motion 
of the photographic plate is increased, and the center (fourth) transverse 
thermocouple is connected to replace the averaging thermocouple. The 
photograph also shows the successive recording of the lower Supper curve), 
the middle and top thermocouples (lower curve), and the zero line. The 
arrow at the left of the record denotes the instant of connection of the 
heater, the arrow on the right denotes the instant of its disconnection. 
Figure 30 shows the time of reaching the convective process counting from 
the instant the heater is connected (abscissa), as a function of the log- 
arithm of the established transverse temperature difference (ordinate). 

The points lie on a straight line. 

In this way, formula (ll.4) obtains a second experimental 
confirmation . 


4. Forced Thermal Fluctuations Produced by Modulation of Heater Power 

Further tests, for a 6 -minute period, were conducted with the sec- 
ond model described In section 3, and consisted In the periodic change 
(modulation, forced fluctuations) of the power of the heater. Figures 
XI and XII show an example of a record. The photographs show the re- 
tardation of the convective waves produced by switching the added power 
on and off (the instants of switching on and off are Indicated by the 
arrows) as they move along the model. The corresponding shifts in phase 
on lag times of the convective signal may be computed by applying the 
methods of harmonic analysis. From a plot of the coordinates of the 
thermocouples and the corresponding deflections of the galvanometer the 
coordinate of the point where the convective flow ceases may be found by 
extrapolation. This point is considered to be the origin from which the 
longitudinal distances z are computed. Plotting the lag time as a 
function of the new coordinates of the thermocouples on another graph, 
we then obtain figure 31 (which gives the results of the evaluation of 
several tests). This graph shows that the points again lie on straight 
lines Intersecting near the coordinates of the center of the heater and 
the thermal inertia of the heater, which retards the development of con- 
vective phenomena by approxi m ately 80 seconds, may be determined. 

In this way, formula (11.4) obtains a third experimental 
verification. 

Figure XIII shows an example of a record of the temperature waves 
of Angstrom as applied to the convective transfer of heat . The inter- 
pretation of this record has not as yet been clarified. 
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5. Natural Thermal Damping Fluctuations in Convection 
for Models of Finite Length 

In tests similar to those recorded in figures XI and XII, hut cor- 
responding to greater heating powers, the curves took the form of damped 
sinusoids (see also upper curves figs. VIl(B) andVIIl). 

Figure 32 shows a typical curve on which the difference in tempera- 
tures, hy means of the middle (fourth) transverse thermocouple, is 
recorded. 

By tests of a preliminary character it was established that the 
smaller the "period" of the corresponding fluctuations, the greater the 
heating power, and the shorter the column, of fluid that is in motion. 

The "damping" of the fluctuations increases with decrease in the heating 
power. These facts lead to the supposition that the fluctuations reflect 
the existence of a circular flow of fluid in the model. A definite por- 
tion of the fluid which has repeatedly received a higher temperature 
passes by a given thermocouple. In time this portion mixes and exchanges 
heat with the surrounding volumes of fluid, and the phenomenon decreases. 
Figure VIH shows how the period of these fluctuations is lengthened as 
the convective process extends to the more distant thermocouples (i.e., 
as the length of the fluid column put in convective motion increases ) . 
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CHAPTER 12 


END PHENOMENA OP THERMAL CONVECTION IN MODELS OP BOUND SECTION 
(INVESTIGATED BY TEMPERATURE RECORDING METHOD) 


1. General Distribution of the Temperatures Averaged over a 
Cross Section Along Entire Vertical Model 

The hydrodynamic characteristic of the end phenomena is shown in 
figures II and III. Prom the physicomathematical investigation view- 
point , the very simple phenomena near the plane top (or bottom) of a 
model is of great interest. 

For measuring the mean temperature over the periphery directly over 
the entire height of the fluid column (including the bottom and top) in 
■which the thermal convection occurs, a special model was constructed 
(sketched in fig. 33). A brass rod (2) above and cylindrical glass 
reservoir (3) with plug bottom below were attached to the arms of the 
support (l). Through this bottom passes a small glass tube, closed by a 
plug, in which a brass piston (4) sits freely. The high-resistance en- 
ameled wire of the electric heater is wound on the tapered bottom part 
of this piston. A second cylindrical glass tube (5) with a diameter of 
about 1 centimeter is placed with slight friction over the rod (2), the 
tube, and the piston (4). One layer of thin copper enameled coil is 
wound about the middle of the glass tube (5), thus making up the measur- 
ing resistance thermocouple (6). The tube (5) is provided with a reser- 
voir with running water (7) and supply funnel (8). The middle part of 
the tube (5) (with coil *(6) ) is surrounded by cotton heat Insulation not 
shown on the sketch. In the reservoir (3), mercury is poured forming a 
tight mercury shutoff. Distilled water partially entering the reservoir 
(8) is poured above the mercury in the tube (5) . 

With the aid of a clock mechanism and a pile-driver arrangement , not 
shown on the sketch, the system of details 5, 6, 7, and 8 is brought into 
a very slow motion (11.8 mm/hr) in the vertical direction. The velocity 
of this motion coincides with the velocity of motion of the photographic 
plate in the recording apparatus. In this way the resistance thermometer 
(6) records at first the temperature of the piston (4) serving as the 
warm bottom of the water column at various heights, and finally the tem- 
perature of the end of the rod 2 serving as the cold top of the water 
column . 


4281 



KAGA TM 1407 


95 


The resistance (6) is connected to the scheme shown in figure 34 
which represents a "bridge, "balanced for a certain mean test temperature. 
The resistances of the "branch (9) are chosen in a manner such that they 
form simultaneously the critical resistance of the photographically re- 
cording galvanometer. The cutout switch (10) shunts 1.6 percent of the 
entire resistance of this "branch of the bridge. Therefore, its closing 
•unbalances the bridge in the same way the coil temperature raises by 4° C. 
The connecting in of the switch (10) is done by hand and serves to grad- 
uate the photorecord. Contact (ll) disconnects automatically each hour 
for 10 seconds. The corresponding marks on the records serve as datum 
marks; they indicate the time and origin and the zero line. The param- 
eters of all systems are chosen in such a manner to assure maximum sen- 
sitivity of the bridge for the minimum heating of the coil (6). 

An example of a record is shown in figure 35 in which the coordinate 
axes are indicated, the vertical distance to full scale, and the tempera- 
ture of the thermal resistance (6), and also the place occupied by the 
bottom and top of the model. In region 1 the curve corresponds to the 
end of the nonsteady regime after the heater and the water cooler are 
connected. Region 2 corresponds to the record of the temperature of the 
bottom, region 6 to the record of the temperature of the top, and region 
7 to the record of the nonsteady regime after disconnecting the heater 
and the water cooler. The distance x represents the degree interval, 

4° C, obtained by connecting the cutoff switch (10) for a short time. 

Through the middle of the photograph a number of datum points pass 
that indicate the zero line . giving the time marks . The temperature of 
the fluid column in the model, averaged over the periphery, changes 
strongly near the bottom and top, regions 3 and 5, and weakly in the 
center part of the model, region 4. The photorecords show indentations 
which reflect a certain instability of the convective process in region 4. 

Figure 35 gives an instructive picture. It shows that with convec- 
tion a small vertical temperature gradient corresponding to a lower tem- 
perature in the upper part is actually established along the center part 
of the model, and which at the bottom, and top goes over into another law, 
the exponent iai law of temperature change. 

The fact that the over-all temperature drop at the bottom in region 
3 exceeds the over-all temperature drop at the top in region 5 is caused 
by the heat losses over the length of the column. The quantity of heat 
obtained from the bottom is expended not only in transferring the heat 
to the top but also in the heat losses over the extent of the model. 


2. Variable-Length- Column 

For the purpose of further study of the. end phenomena, a second model 
was constructed and investigated and is presented in section in figure 36. 
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In the lover end of a glass tube (l) , of diameter of about 1 centimeter, 
there is almost tightly inserted a copper plug. (2), the clearance being 
closed by a piece of rubber tube (3). The enameled high-resistance wire 
of the heater 4 is wound on the plug (2), so that the entire plug serves 
as the hot flat bottom of the model. In the model there is inserted with 
slight friction a massive copper piston (5) with the piston rod ending in 
the lug (6). The upper part of the model is surrounded by the cooling 
reservoir (7) filled with water. The piston (5) thus forms a cold cover 
of the water column (8) in which is produced the convective motion under 
consideration. This column consists of distilled water poured into the 
tube (l) almost to the top. Two single-layer coils of the resistance 
thermometer (9) made of thin copper enameled wire connected to the two 
adjoining branches of the bridge are bound together 2 to 3 diameters 
apart on the glass of the tube. The bridge is balanced when both coils 
have the same temperature. In equilibrium, the switching on or off of 
the switch (ll) is not accompanied by the deflections of the pointer of 
the photographically recording galvanometer. The switch (10), described 
in the preceding paragraphs, is used for controlling the sensitivity. 

The piston (5) is linked at the lug (6) with a pile-driver apparatus 
and a time mechanism with which it can move up or down with the velocity 
of the photographic plate in the recording apparatus (11.8 mm/hr). 

It is assumed that the coils (9) will have a temperature almost 
equal to the temperature of the bottom and top of the column (8). Thus, 
for a given power input of the heating coil (4), the readings of the 
galvanometer are approximately proportional to the "heat resistance" of 
the column (8). Moreover, by raising the lower edge of the piston above 
the upper coil of the resistance thermometer coil, it is possible to fol- 
low the temperature of the model, averaged over the periphery, below its 
cold top. 

The preliminary tests with this model consisted of visual hydro- 
dynamic observations of the motion between the bottom (2) and the top (5) 
of cork dust added to the water. The observations were made with the aid 
of a binocular microscope through the wall of the model. These observa- 
tions showed that for a given heating power input the dust remained at 
rest for small distances between the bottom and top. As this distance 
was increased the Benard cellular motion (ref. l) arises. The greater 
the heating power, the smaller are the distances between top and bottom 
at which this motion occurs, and therefore the smaller are the particles 
and the more intense their motion. With further increase in distance, 
this cellular motion goes over into an antisymmetric motion, illustrated 
in the photographs, figures II and III. 

At the conclusion of these preliminary hydrodynamic observations 
the model was enveloped in a cotton heat insulation and the investigation 
was continued by the temperature -recording method. 
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Fi g ure 37 shows an example of the records obtained. The scalar 
interval upward at the start of the record (on the left) corresponds to 
the indicated number of degrees centigrade. Part 1 of the curve de- 
scribes the steady thermal regime when the piston (5) lies on the bot- 
tom (2) . Part 2 of the curve corresponds to moderate distances of the 
piston from the bottom -when convection has not yet set in. The greater 
this distance, the greater the difference of the temperatures between 
the bottom and top. This difference is almost proportional to the dis- 
tance. Actually the curve represents the initial part of the exponential 
curve. The fluid here behaves like a solid body. The heat resistance is 
proportional to the length of the model column. Part 3 of the curve cor- 
responds to the convective laminar regime. Over a considerable distance, 
the temperature difference is almost independent of the distance between 
the bottom and top: the heat resistance of the model is almost independ- 

ent of its length ; it is almost entirely determined by the end regions 
near the bottom and top. 

Of striking sharpness are the transitions from region 1 to region 2, 
the instant of breakaway of the piston from the hot bottom, the transi- 
tion from region 2 to region 3, and the instant of occurrence of convec- 
tive motion. Moreover, the latter transition occurs by several stages, 
which evidently corresponds to the successive changes of several cellular 
forms of the convective motion. 

Region 3 ends when the lower face of the piston (5) passes by the 
■upper measuring coil of the temperature measuring resistance. Then re- 
gion 4 of the curve now begins; this region corresponds to the gradual 
decrease in the temperature difference between the measuring coils. This 
region (4) is determined by the condition that the upward moving piston 
carries away with it the adjoi.ni.ng region of large temperature gradients 
and low temperatures. 

The drop in temperature near the top in region 5 is less than the 
drop at the bottom in region 2 (compare regions 5 and 3 in fig . 35 ) . Re- 
gion 5 corresponds to the cooling regime of the model after the heater is 
disconnected. 

Figure 37 gives examples of photorecords corresponding to different 
heating powers indicated on each photograph. The records embrace a range 
of heating powers from 0.00165 to 1 calorie per second. At the beginning 
of some records the nonsteady regime, which accompanies the switching in 
of the heater coil, is observed. 

From a comparison of these photographs, it is seen that the greater 
the heating power, the steeper and shorter the rise of the curves is in 
region 2 where the fluid behaves thermally almost like a solid body. 



98 


NA.CA OM 1407 


Of special interest is the record (5) in figure 37. The regions 1, 
2, and 3 are developed in it almost in the same way as in_the preceding 
curves. In region 3 indentations are observed which reflect the incom- 
plete steady condition of the convective process for large heating powers 
to which large velocities of the convective motion correspond. These in- 
dentations on curve 5 are nearly four times as large as op curve 4, al- 
most half as high as curve 5. This emphasizes the nonlinear character 
of the above mentioned incomplete steady condition of the process. 

Furthermore, region 4 reveals a character that was not successfully 
interpreted. 

The records, obtained with the piston lowered in the model, gave re- 
sults agreeing entirely with those obtained in raising the piston and are 
shown in the previous curves. 

As a whole the curves shown are very instructive, but we have not 
been successful in drawing any quantitative conclusions from them. 


3. Moving-Plunger Method 

An interesting and simple experiment may be carried out in the fol- 
lowing manner. In the model, figure 38,. a copper cylindrical plunger (l) 
which enters the model with slight friction is lowered on a thin thread. 
The height of the cylinder is approximately equal to its diameter,, the 
inside diameter of the model cavity. If the mean temperature over the 
perimeter at any cross section of the model 2 is recorded and at the same 
time the cylinder is slowly drawn out from the Interior of the model, a 
record is obtained similar to that shown in figure XIV. This record was 
produced with the aid of a temperature measuring resistance according to 
the scheme of figure 34. A short copper rod (3) fitting the model with 
slight friction was lowered into the model hollow before recording. Its 
upper face served as the hot bottom of the water column; the middle of 
the rod fitted within the heater. 

As long as the cylinder lies on the bottom, a convective process is 
developed over it and the temperature of the measuring resistance (2) 
differs little from the temperature of the cold reservoir above the model. 
At the instant when the cylinder (l) breaks away from the bottom (3), the 
characteristic tooth appears on the curve, marked on the photograph, fig- 
ure XTV, by the number 1. The number 2 denotes the instant when the upper 
face of the cylinder enters the plane of the measuring coil; the number 3 
shows when its lower face issues from its plane. Over the distance 1 to 
2, the measuring resistance records a gradual Increase in temperature at 
the bottom of -the model formed by the moving cylinder, that is, over it. 

It is noted that the closer the warm plunger approaches the measuring 
coil of the thermoresistance the more rapidly does its temperature rise. 
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On the segment 2 to 3 the plunger is situated inside the measuring coil. 
Its temperature rises, however, only slightly because of the finite heat 
conductivity of the material of the plunger. Point 4 corresponds to the 
instant of cutting off the current of the heater. Over the segment 3 to 
4, the temperature under the plunger is recorded. There is noted at 
first the rapid rise of temperature connected with the removal of the 
piston, then its more gradual lowering, connected with the effect of 
heat, losses through the imperfect heat insulation are also noted. 

Along the entire extent of the record, indentations are observed 
indicating the incomplete steady condition of the convective laminar 
process . 


4. Displacement Method 

Particularly descriptive are the photorecords obtained in the same 
manner as in figure 38, but connected with the recording of the tempera- 
tures in many cross sections of the model and obtained by interchanging 
the short plunger with a long rod. Essentially, this method corresponds 
to the even displacement of a fluid by a solid rod (or conversely) in 
the process of convection. 

The following photorecords were obtained with a glass model, as in 
figure 14, of diameter 10.76/12.77 millimeters on which the five lower 
thermocouples were arranged at distances of 10 millimeters from each other 
while the remaining ones were at distances of 30 millimeters from ea ch 
other. In taking the different photographs the Tipper edge of the brass 
rod, moving Inside the heater and fomiing the hot bottom of the model, 
occupied several, different positions relative to the thermocouples. For 
example, on figure XV, two tests are recorded when this edge just passed 
in the center between the two lower averaging thermometers . Th^ tests 
ended in the recording of the thermal process in the model during the 
motion in it of the brass rod that almost filled tightly the model cross 
section. The velocity of the motion was equal to the velocity of the 
photorecording (11.8 mm/hr) . At one time the rod was drawn upward out 
of the model and at another time it was lowered into it. The photo films 
with the records obtained on them were placed together and printed on the 
paper by the contact method. Both records agree sufficiently well with 
each other down to the individual indentations, on the curves, indicating 
incomplete stability of the 1 ami nw.T» convection. — 

In view of the importance of this question, such pairs of tests were 
repeated with different velocities of motion of the brass rod. Figure 
XVI gives examples of records obtained for a heating power of 0.090 
calorie per second and velocity "of motion of the photographic plate "of 
11.8 millimeters per hour. The upper record A corresponds to the same 
velocity of motion of the rod as the velocity of the plate, the second 
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to a velocity half as large, the third to a velocity an eighth as large. 
From a comparison of these records, it is seen that the differences of 
the "up" and "down" records are due to the time and not the coordinate 
of the rod. The slower the motion of the rod, the more accurately do the 
records coincide. 

In the following figures several phographs are given which were ob- 
tained by the above method for different heating powers. The initial 
part of the record represents the distribution of the temperatures along 
the brass rod standing directly on the support inside the model. At the 
instant when the rod breaks away from the support its temperature begins 
to rise and the temperature of the rod to drop. The temperature differ- 
ence increases at first proportionally to the thickness of -the water 
layer. When the thickness of the layer reaches a definite value, which 
is smaller, the larger the heating power, a convective motion arises in- 
creasing the heat transfer and the cooling of the support; the tempera- 
ture of the support ceases to rise. As the lower face of the rod in its 
rising motion passes by the level of one thermocouple after the other 
and carries away with it the lower temperatures, the temperature of each 
thermocouple rises corresponding to the temperature of the fluid at its 
level, averaged over the periphery. 

The photographs given previously show in the first place that the 
characteristic law of change of the temperature , averaged over the pe- 
riphery near the bottom or top of the water column in which^the thermal 
convection occurs, is the exponential law. From measurements on the 
photographs, this functional relation is obtained: 


( 12 . 1 ) 

where 9 =» 0 when z = 0. The nondimensional number s is approximately 
equal to 1 or 2. 

These photographs also show that the instability of the .1 aminar con- 
vection regime is particularly intensified for considerable power inputs 
and for definite heights of the water column, namely, for multiples of 
about three to four times the inside model diameter (fig. XVI and XVII). 



5. Conclusion 

As a whole, however, all these records were unable to give a final 
quantitative picture of the end phenomena. The magnitude 9q in the 
last formula is one-fourth as large as may be expected from the compari- 
son of the molecular heat conductivity of water with the heating power. 
In other words , the heat conductivity in the end phenomenons appears to 
be four times larger than its tabulated (molecular) value. This impor- 
tant question requires further clarification. 
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CHAPTER 13 

OPTICAL METHODS OF IHVESTIGAT3SG CONVECTICffit HT 
MODELS OF SPECIAL FORM 


1. Introductory Remarks 

The distinctive feature of convective phenomena is that the veloc- 
ities and temperatures change very remarkably within the fluid. These 
changes cannot be studied by observing the velocities and temperatures 
only at the boundaries of the apparatus in which the convection takes 
place. The investigation of the deep internal layers requires the appli- 
cation of seme sounding device that penetrates into the body of the 
fluid. 

The construction of even the most intricate thermometers that can 
be introduced into the stream of the convective flow complicates the 
problem because the convective flow, on encountering even the thinnest 
fi.lam.ent, becomes distorted relative to its initial direction and ex- 
changes heat with the filament. For this reason those methods which 
permit a deep sounding of the convective phenomena, and at the same time 
are as far as possible without effect an the development and course of 
the process, are of great value. 

The optical methods are methods of this type. A light ray in a 
transparent fluid exerts a negligible action on the fluid and at the 
same time may undergo changes in the fluid which permit studying the 
causes that produce them. The method of adding light -scattering par- 
ticles to the fluid has long been employed in hydrodynamics. This meth- 
od was used in preparing the photographs of figures II and IU. 

This chapter describes a group of methods that make use of the de- 
pendence of the index of refraction (the velocity of propagation of 
light) on the temperature. These methods are based on the fact, which 
is described with great accuracy by the known formula of Lorenz-Lorentz, 
and which may be formulated as follows: The changes in the index of re- 

fraction are almost exactly proportional to the changes in density of 
the given substance (depending in particul a r on the temperature) . The 
experimental predesessors of these methods are the variants of the 



102 


NACA 2M 1407 


penumbra (schlieren) method. One of these methods is coarse (secs. 2 
and 3), being suitable only for demonstration purposes. Another, -which 
is a development of the former, possesses great premise as a quantitative 
method (secs. 4 and 5). 


2. Prismatic-Vessel Method 

The convective phenomenon is produced in a vessel of special form - 
a high prism of triangular or trapezoidal cross section (A), presented 
in plane on figure 39 . The vessel is filled with the fluid to be inves- 
tigated and is placed directly in front of a large objective lens (C). 

A point source of light (S) is set up at twice the focal distance behind 
the objective. At twice the focal distance in front of the objective, a 
real image of this source is obtained, which is deflected toward the ves- 
sel as a prism with vertical refracting edge and expanded by it into a 
spectrum. A diaphragm (B) with small opening (a) is placed at this posi- 
tion. The light passing through the opening of the diaphragm falls on 
the objective of the c ame ra. This objective may have a very small lumi- 
nous power but must be achromatic to the light rays acting on the photo- 
graphic plate. On the ground glass of the camera, a sharp image of the 
part of the prism A which is illuminated frem behind through the large 
objective C is obtained. 

This apparatus recalls the schlieren apparatus often applicable for 
the qualitative observation of convectiye-heat interchanges . The appar- 
atus described differs in that the investigated object is given the form 
of a prism. This improvement gives a number of advantages (ref. l). 

If the vessel is filled with a homogeneous fluid, the "deflect ion of 
the s ame color rays is the same in all parts of the prism. The diaphragm 
cuts out a definite region from the spectrum (e.g., the green region), 
and a green image is obtained on the ground glass. If, however, in the 
path of the light rays some place on the prism has a higher mean temper- 
ature (i.e., a smaller density), the mean index of refraction of this 
place will be less and the light will be slightly deflected. Only the 
more refracted blue rays may pass through the opening of the diaphragm. 
The heated part of the prism is imaged on the ground glass as a blue 
spot. The more strongly the mean temperature differs in two part 6 of 
the prism, the more strongly does the color of the images formed on the 
ground glass differ. The mean temperature may have such large changes 
that the corresponding spots will appear blackj they will be formed by 
infrared or ultraviolet rays. In order that these parts may be 6een, 
the diaphragm and its opening must be moved horizontally . 

If several layers of fluid of different indices of refraction are 
arranged along the height of the prism, they will form bands of different 
colors on the ground glass . But , if along the height of the prism a 
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continuous change, characterized by the constant gradient of the index 
of refraction, is produced, the fluid in the prism will act as an auxil- 
iary prism with horizontal refracting edge. For example, if it is warmer 
below than above, the prism deflects the rays not only toward the side 
but also upward. The rays of different color form a somewhat deflected 
and slightly diffused spectral band. 

The plane of the diaphragm B is schematically presented in the upper 
left part of figure 39. The point 0 denotes the place where a white im- 
age of the light source would be obtained if the index of refraction of 
the fluid were equal to unity (the trace of the principal optical axis of 
the large objective C). The letters Kip on the same level with the point 
0 mark the spectrum formed by the warm part of the prism, and the letters 
K^cp^ mark the spectrum formed by the cool part. The line E represents 
the somewhat diffuse spectrum obtained when a moderate vertical gradient 
of the index of refraction is present in the prism. The line FB corres- 
ponds to a large vertical gradient. 

If the opening of the diaphragm is placed at the point a, then the 
warm part of the prism of a blue color, and the cool part of a red color 
may be seen through it. But no rays pass through it from that part of 
the prism where a vertical gradient of the index of refraction has been 
established. This part will appear as black on the ground glass. In 
order to obtain an image of this part, the opening must be raised to 
point b or d. Through this opening the entire prism, except the part 
with the given vertical gradient, will appear as black. 

Places with a horizontal gradient of the index of refraction will 
either strengthen or weaken the action of the prism A. Such places must 
not be confused with the heated or cooled parts, as is seen from the 
following considerations. 

Figure 40 shows schematically the path of the rays in a prism, sit- 
uated in a vacuum, in which there is a horizontal gradient of the index 
of refraction 


n = n(x) (l3.l) 

We put AE = BF = dx. In order that rays passing with mini mu m deflection 
(inside the prism perpendicular to the x-axis) be deflected in the direc- 
tion BC, it is necessary that the optical length of the path ABC be equal 
to the optical length of the path EFG: 

nAB + BC = (n + || dx) EG (13.2) 
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where 
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/BGC = 
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/ FBG = | 


BC _ bG = -S 


ax 


sin 
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Substituting equation (13.3) into equation (13.2) gives 


. € dx 

nxtg -5 + — - x s 

cosf 


In - (n + H dx)(x + dxjtg | 

5 1 + ( n + x s) 


tg ~ dx 


whence 


We set 


n + x 


cLa 
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sin 
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sin 2 


n = n 0 + y; = Oj y = y(x)5 y « n c 


D = Dq + 5; Hq - 


sin 


D e + e 


sin | 


« D r 




(13.3) 


(13.4) 


(13.5) 


> (13.6) 


The length 67 (2 is equal to the distance of the prism A from. the open- 
ing a) denotes the horizontal displacement of the opening in the diaphragm 
B. This displacement is required in order to see the prism in light rays 
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for which the index of refraction is not equal to n q but is equal to 
n = n 0 + y. Since, owing to the relations (13.5), 


n 0 + y + x 


dy 

dx 


Dn + € 


sin 


+ cos 


D 0 + 


e 5 
- X 2 


sin | 


(13.7) 


we obtain 


y + x 


= d(xy) 


dx 


dx 


D 0 + e 
e°s — 

X 5 = K X(S2) 

2sin| 


(13.8) 


From, the preceding formula the following conclusions can be drawn: 

(1) In all cases where the gradients of the index of refraction 
dy/dx are known to be small, the color for a white source or the dis- 
placements 52 for a monachramatic light source to a certain scale di- 
rectly determine the index of refraction 

y = K(52) (13.9) 

The isolines of the same color (displacements) correspond to the topo- 
graphic horizontal, contour lines of the index of refraction (temperature). 

(2) In those cases where the gradients are known to be large and 
occupy narrow parts of the prism, so that the over-all changes of the in- 
dex of refraction are not large, the color (or displacements) deter min es 
these gradients: 


ajr = Kx(S 2 l (13.10) 

dx x 

In the latter case it is convenient to represent the image of the prism 
as a "relief map" of the index of refraction (temperature) with a mirror 
surface illuminated under different angles. The bright lines on this 
relief map determine those places where its steepness corresponds to a 
given position of the light source (displacement). 

Thus, in the image of the prism, the isolines of the same color 
represent either lines of equal temperature or lines of equal horizontal 
gradient . 

For the photographic recording of the observed convective phenomena 
it is necessary somehow to distinguish the actinic colors of the spectrum, 
from, each other. In particular, this may be done by the following 
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method. A light source that would give a large number of lines (iron 
arc) must be chosen. From a preliminary spectrograph, a detailed deter- 
mination is made on the given photographic plate of the relative inten- 
sity of all the successive spectral lines . If the process of heat con- 
vection in vessel A is photographed on the same material, isolines of the 
same color (i.e., of the same spectral line) will appear. By establish- 
ing the order and relative intensity of these spectral lines, conclusions 
as to the temperature distribution in the model may be drawn. 

For purposes of rougher computations, a simplified device may be 
applied. A light source having a sma.11. number of bright lines (mercury 
arc) is used. One actinic line is chosen, and the model is photographed 
in the light of this line for several positions of the opening a of the 
diaphragm. Each photograph gives its isoline of the same color. The 
narrowness, sharpness, and the required length of exposure, of this isoline 
are determined by the dimensions of the point source and the opening in 
the diaphragm (or their corresponding slits). It is useful to note that 
the objective C should be of a large luminous power, but its chromatic 
character is not important . 

This method permits a demonstrational variant. For the light source 
S, according to figure 39, the crater of a Petrov electric arc is em- 
ployed directly, and the camera is replaced by the arrangement shown in 
figure 41. The adjustment is begun by placing in the path of the rays 
deflected by the prism A a typical projection objective Q in such a man- 
ner that it will give a sharp image of the prism A on the screen z . A 
diaphragm D is then placed with its opening in the plane in which the 
image of the arc, expanded into a spectrum, is received. The opening in 
this diaphragm is placed in the green part of the spectrum so that the 
image of the prism is colored with an easily visible green color. 

The difficult ies of the further adjustment reflect the contradictory 
requirements of stiff iciently illuminating the screen while maintaining 
the sensitivity. This adjustment reduces to the choice of the distances 
between the crater of the arc and the large objective C (the choice is 
accompanied by the shifting of the diaphragm D) and the choice of the 
diameter of the opening in diaphragm D. The adjustment must be coordi- 
nated with the optical arrangement employed. At the end of the adjust- 
ment of the apparatus and its testing it is recommended that a reversing 
prism P be placed immediately behind the diaphragm D so that the image 
on the screen will be upright. - 

The thermal convective phenomena are produced in the prismatic ves- 
sel A by spirals, balls, or lattices of high-resistance wire in which an 
electric current is allowed to flow. The prism A should be filled with 
nonvolatile heavy fluids that do not disturb the material of the vessel 
(in particular, the glue or paste that seals the prism edges). The most 
suitable fluids appear to be mixtures. of glycerine and water. 
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In solving uncomplicated problems, the vessel filled with fluid 
may be in the form of a. rectangular parallelepiped, with a glass prism 
placed before it. This arrangement is shown in figure 41 (A, the glass 
prism; B, the vessel with fluid) . 

The results of working with this optical method and checking by 
tests with light- scattering particles are as follows: 

(1) In the absence of thermal phenomena in the mixtures of water and 
glycerine all the assumptions of the theory presented previously (includ- 
ing those of the stratified arrangements of solutions of different con- 
centration) may be fully confirmed. 

(2) It is possible to investigate the temperature distribution for 
the heating of a homogeneous fluid. For small heating powers, the tem- 
perature distribution differs in stability. On top of the heater a sta- 
tionary column of rising warm fluid is observed pressing in its flow 
against the nearest wall. This distribution of the temperature gradients 
indicates the laminar fluid flow. In the center part of the model there 
is only the vertical component of the velocity ; the phenomenon differs in 
the presence of considerable horizontal and in the absence of appreciable 
vertical temperature gradients. Near the heater and near the surface of 
the fluid vertical temperature gradients, together with horizontal veloc- 
ity components of the fluid particles, are revealed. 

The steady regimes, on connecting in the heater, proceed in the fol- 
lowing manner. An instant after the heater is connected a cap of warm 
fluid is formed over it. This fluid rises quickly, leaving a track be- 
hind it; thus, it resembles a mushroom. On reaching the surface of the 
fluid, the cap wanders off to the side or breaks up and gradually van- 
ishes . When the heater is disconnected, the observed phenomenon grad- 
ually fades, and in a few seconds the picture vanishes without a trace; 
the temperatures have balanced out. 

For considerable heating power inputs the rising column of warm 
fluid does not remain stationary. Branches separate from, the columnTand 
the phenomenon assumes a "ringlet" form (ref. 2, p. 75). The stronger 
the heating, the more violent is the motion observed in the fluid. 

Along with considerable horizontal gradients, considerable vertical tem- 
perature gradients occur at some places . 

(3) It is possible to investigate convective phenomena when the mod- 
el is divided into two segments by a thin metallic partition like a sec- 
ond bottom. The fluid of the lower segment is warmed by the heater and 
heats the partition, while the latter heats the fluid of the upper seg- 
ment. Under these conditions, wide convective flows with small. hori-' 
zontal temperature gradients were observed in the upper segment. Near 
the partition considerable vertical temperature gradients were observed. 
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(4) When the lower half of the model was Initially filled with a 
fluid of raised density (raised concentration of the glycerine in the 
water or lowered temperature) and a fluid of lower density (lowered con- 
centration or raised temperature) was carefully poured on the upper half 
of the model, it was found that even a slight jump of density also blocks 
the convective flow like a solid interposed bottom (see ref. 2, p. 76, 
fig. 28, p. 83, and fig. 32). Wear the boundary of the division consid- 
erable vertical temperature gradients are observed. A density jump is 
accompanied by a temperature jump . 

As a whole, the image seen cn the projection screen presents a fas- 
cinating picturesque spectacle. 


3. Vertical-Deflection Method 

For studying the phenomena of convective heat transfer, at above- 
critical power inputs in round tubes, a special model suitable for ob- 
serving large vertical temperature gradients is employed . 

The model (fig. 42) consists of a vertical burette A with the enam- 
eled high-resistance wire of the heater B wound directly on the glass of 
the lower part. The center of the burette is surrounded by a prismatic 
vessel D in the form of a rectangular parallelepiped, with a cork bottom 
and two lateral glass walls . Placed on idle upper part of the burette is 
a funnel E, serving as the cold reservoir. The burette, funnel, and 
prismatic vessel are filled with water. At times it is useful to place 
ice in the funnel. 

The middle part of the model is set in front of a large objective C 
of a schlieren apparatus with horizontal knife edges F and G . These 
edges are adjusted in such manner that, in the absence of a_thermal phe- 
nomenon, only the l umin ous divisions of the burette are clearly visible 
on the ground glass of the camera against the black background. When 
vertical temperature gradients arise (warmer below), the corresponding 
part of the burette acts as a prism, deflecting the rays upward. These 
rays pass over the sec cod knife edge through an objective H and fall on 
the ground glass k of the camera, where a luminous image of this part 
of the burette is formed. 

The tests show that, for small heating powers, no optically appre- 
ciable vertical temperature gradients arise. For heating powers larger 
than the critical, the entire fluid in the burette spontaneously breaks 
up along the vertical into a number of segments separated from each other 
by considerable temperature jumps. The boundaries of the segments shift 
spontaneously in a disorderly fashion. The most typical form of this 
displacement is in an advancing displacement. Along with it a second 
typical interchanging form is also often encountered: The l umin ous 
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boundary dividing two segments "bends, stretches out, assumes the form, of 
an integral sign, and breaks in half, each part very precipitately unit- 
ing with the opposite faces of the interchanging segments. These defor- 
mations of the parts of a large gradient reveal a "waltzing" interchange 
fluid motion of the two neighboring segments . The axis of this motion 
is some diameter of the tube. 

These tests show that the large gradients obtained at above-critical 
heating powers are nonunif ormly distributed over the height of the tube. 
They are concentrated principally at the boundaries of definite regions; 
namely, the segment boundaries . Within the limits of each region an in- 
tensive l amin ar motion and heat transfer undoubtedly occur. In addition, 
however, a waltzing motion simultaneously intermingling the contents of 
two neighboring regions sometimes arises. In this way, when the heating 
power is increased, two processes occur together. First, the mean gra- 
dients increase; and secondly the frequency of the interchanging motion 
(and with it the heat transfer) increases. This is the explanation of 
the above-critical section on figure 25. This explanation contains an 
essential statistical element associated with the previously mentioned 
disorder of the phenomena. 


4. Lattice Method 

In an experimental Verification of the laws of heat propagation (and 
also of diffusion processes), it is, in the final analysis, usually nec- 
essary to check the correctness of the fundamental equation of heat con- 
duction or the equation of diffusion that fo rmally agrees with it. The 
essential term in these equations is the Laplacian of the temperatures 
or the concentrations. The direct computation of the Laplacian (i.e., 
the sum of the second derivatives with respect to the coordinates of the 
observed magnitudes of the temperatures or concentrations) by the method 
of finite differences is associated with large errors, since it is re- 
quired to compute small differences of large magnitudes measured only 
approximately. Investigators must therefore have recourse to various 
indirect devices, for example, to approximate first the observed magni- 
tudes by some conveniently chosen analytical functions of the coordinates, 
and then to compute the value of the Laplace operator of these functions 
by an analytical method. 

Thus the direct experimental determination, of the magnitude of the 
Laplacian, even for the conditions of the two-dimensional problem, is 
very desirable. An optical arrangement that permits solving this prob- 
lem is described in the following paragraphs (fig. 43; see ref. 3). 

The investigated model A, provided, with positive lenses, is designed 
in such mann er that it serves as the subject of the investigation and as 
the objective in the schlieren arrangement. The focal distance of this 
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objective should be large compared with the dimensions of the model (small 
luminous power of the model -objective) . The model is illuminated by a 
point source of light 8. In the absence of any thermal or diffusion pro- 
cess, the image of the light source is focused by the model-objective on 
lattice B representing a system of equidistant vertical and horizontal 
rods, at the intersections of these rods. Through the good objective Q, 
placed directly behind the lattice, the model-objective is focused on the 
ground glass D, on the photographic plate of the usual camera, or on the 
film of a moving-picture apparatus. This image will be dark, since it 
is obtained only from the rays scattered by the model, because the direct 
rays of the source are kept back by the intersections of the rods of the 
lattice B. 

If a thermal or diffusion phenomenon now arises in the model, then 
at scaae regions a density gradient occurs and with it a gradient of the 
index of refraction. Such regions will act like prisms, deflecting the 
rays toward the greater densities. The light passing through these re- 
gions of the model does not fall at the intersection of the lattice but 
caa a new part of the lattice, either on its rod or in the spaces between 
the rods. In the first case a dark image is obtained on the positive 
of the photograph, in the second case a luminous image is obtained. Thus, 
dark stripes that break up into two families appear on the photograph of 
the model. Each dark stripe corresponds to one rod of the lattice sepa- 
rated from the point of initial focusing by a definite distance. Hence, 
erne family, corresponding to the horizontal rods of the lattice, forms 
on the photograph of the model isolines of equal vertical gradient of the 
index of refraction, and the second family forms isolines of equal hori- 
zontal gradient (equal density, temperature, and concentration) . For the 
computation of the sensitivity see the following paragraphs. 

'Php arrangement of the isolines permits the following interpretation. 
nrciP number of isolines of equal vertical gradient corresponding to unit 
2 gmgrhTi of any vertical segment within the limits of the image of the 
model represents, to a known scale, the space rate cf change of the ver- 
tical density gradient at this region of the model (i.e., the second deri- 
vative of the gradient with respect to the vertical coordinate). In the 
pnitiff way, the number of isolines of equal horizontal gradient correspond- 
ing to the horizontal unit, of length represents the second derivative with 
respect to the horizontal coordinate . The sum of the two numbers (with 
account taken of their signs) will give the magnitude of the Laplacian 
of the density to the same scale (index of refraction, temperature, and 
concentration) . 

Therefore, the problem formulated is directly solved with a large 
degree of accuracy . In comparison with the method of section 2 (fig. 

39) this method presents the following features: 

(l) The most essential difference is that the diaphragm is replaced 
by a lattice. 
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(2) Such, a narrow range of light waves is used (for photographing) 
that the incomplete achromatism, of the model- objective does not consti- 
tute an obstacle. 

(3) The large objective C is combined with the model A, which is the 
least important difference. 

In the following photographs examples of the application of this 

method are given. A cylindrical cavity in a surrounding metal mass 
with horizontal axis and of a diameter and length equal to 35 millimeters 
(see fig. 54) was -used for the model. The cavity was bounded on both 
sides by spectacle glass and was filled with glycerine. The vertical 
distance is marked on the photographs by a straight plumb line . 

Figure 44 corresponds to the case where a vertical temperature gra- 
dient (warmer below) is produced in the surrounding mass. As a result., 
a convective motion arose in the cavity; the warm liquid rises along the 
vertical diameter and drops along the sides. At those regions of the 
model where the fluid intensively warms or coois , at the bottom and top, 
the Laplacian has a large positive or negative value, the isolines of 
equal gradients then lying close together. This is particularly marked 
in relation to the vertical gradients. At the center part of the model, 
the heated fluid, on rising, carries away large amounts of heat, main- 
taining an almost unchanged temperature . In this part there are practi- 
cally no isolines . More accurately, one isoline rolled into a fantastic 
ball is observed here. It can be deciphered by increasing the focal dis- 
tance or by using a 1 meshed lattice. 

Figure 45A corresponds to the case where a horizontal temperature 
gradient is produced in the surrounding mass. As a result, a convective 
motion is produced in the cavity; along the warm wall the fluid rises 
and along the cold wall the fluid descends. A considerable density of 
the isolines of both families is observed in those places of the model 
where the temperature of the fluid undergoes a large change. In the 
center of the model there are indications of only a feeble thermal pro- 
cess. The isoline forming a closed curve in the center of the photo- 
graph corresponds to an almost zero horizontal gradient. The isolines 
obliquely forming two pairs of mutually embracing figures belong to the 
family of equal vertical gradients. ... _ 

It is useful to emphasize that in the phenomena of diffraction lim- 
it, the sensitivity of the described method is in the downward and not 
in the upward direction. The reason for this difference is that the lat- 
tice standing in front of the objective of large luminous power breaks 
it up into a multiplicity of objectives of small luminous power, and the 


^G. N . Guk participated in the preparation of these photographs. 
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forming of the Images of the stripes near one another is equivalent to 
the photographing of a small -meshed object. The image is produced by- 
narrow pencils of light rays coming from the parts of the model that lie 
close together. In figure 46, P denotes the plane of the ^Lattice, cp the 
plane of the photographic plate, d the distance between the neighboring 
rods of the lattice, and x the distance between the corresponding 
stripes on the photograph. For simplicity, we assume that we are dealing 
with the nearest neighborhoods of the principal optical axis 00 of the 
camera. From the rectangular triangles, we obtain, in an elementary 
manner 

l2 + (f + if - 4 

’’♦(!- !)*-«! 

whence, after subtracting, 

( r l - rgXr-L + r 2 ) = xd (13.12) 

In correspondence with the results of the diffraction theory of optical 
instruments, the stripes obtained on the photograph are sharp If the dif- 
ference r-L - r g is not greater than the half wavelength of the light 

A/2. Setting approximately r^ + r 2 = 22, we obtain the following condi- 
tion of the sharpness of the stripe: — 

xd »2A (13.13) 

From this It is seen that for rough processes, when the gradient varies 
considerably even over small distances (x is small), the lattice should 
be coarse (d should be large). Conversely, for delicate thermal pro- 
cesses when a hardly appreciable thermal phenomenon gives wide stripes 
on the photographs (x is large), it is necessary and possible to use a 
smal 1 meshed lattice (d may be small). 

The preceding method may be applied for quantitative measurements 
in all those cases where the qualitative schlieren method may be useful. 
The following paragraphs give some of the variants for this method. 

(a) For increasing the luminous power and reducing the exposure time, 
in particular for moving pictures of steady processes, the point source 
of light may be replaced by a plane source . In this case it should rep- 
resent a negative reproduction of the lattice (transparent vertical and 
horizontal convenient openings in a nontransparent layer) to a scale which 
assures a dark image in the absence of the phenomenon under investigation. 
However, it is necessary for the observable dimensions of the source to 
be small if they are observed from the model center ("small luminous 
power") . 


72 + x? + £d d - 

1 + 4 + 2 + 4 

,2 , x 2 xd d 2 

1 + ~l F T 




> 




(13.11) 
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(b) The objective of the camera may be replaced by a concave mirror , 
on which, the lattice is drawn. This variant considerably reduces the 
over-all dimensions of the apparatus. 

(c) The objective of the model may also be replaced by a concave 
mirror. A light ray must then pass through the model twice, a circum- 
stance which doubles the sensitivity of the method. This variant again 
considerably reduces the over-all dimensions of the apparatus. 

For subjective observations the method further permits the following 
modification, lhe light source is replaced by an illuminated ground or 
milky surface on which a multicolored network of lines is drawn. The 
camera is replaced by an observer who views the model through a small 
opening, which is put in the place of the lattice. By observing from 
the color of the line its direction (vertical or horizontal) and its num- 
ber (e.g., distinguishing the zero and fifth lines by special colors), 
we are rapidly able to gain an idea as to the character of the observed 
process from the configuration of the visible color pattern. 


5. Application of Lattice Method to Experimental 

11 

Investigation of Laminar Convection in Cavity of Convenient Shape 

As an example of the preliminary application of the lattice method, 
the investigation of the concrete problem mentioned in the heading of the 
section is described in the following paragraphs . A suitable cavity of 
38 by 6 millimeters is bored in the center of a babbitt parallelepiped, 
shown in figure 47 . The cavity is stopped with two spectacle glasses of 
1.5 diopters each, and is filled with distilled water. For filling the 
cavity, a through channel of 3 millimeters is used. The volume of the 
cavity was l/70 as large as that of the surrounding mass. It may thus 
be assumed that the conditions in the model are approximately the same 
as those of a slit in an infinitely large mass . 

On both sides of the cavity parallel to its length through channels 
are bored, three on one side for inserting porcelain tubes with Hichrome 
heater inside, and two an the other side provided with connecting pieces 
for the supply of cold water. The model is pressed in a Textolite ring 
and is able, on the horizontal parallel rods of an optical bench, to 
assume any angle to the vertical. 

The source of light is an opening of 0.2-millimeter diameter in 
the shade of a lamp . In these tests the vertical component of the tem- 
perature gradient was very small and was not of interest in this stage 


^The present section was ecnrposed from data obtained by G. IT. Guk. 
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of the investigations. For this reason, all the photographs were pre- 
pared with the lattice consisting of only the vertical rods. These rods 
of 1.3 -millimeter diameter were arranged with a distance of 3 millimeters 
between their axes. The photo objective of 45-millimeter diameter, with 
a focal distance of 210 millimeters, was placed with the lattice about 
560 mi llime ters from the middle plane of the model. The focal distance 
of the model filled with water was 480 millimeters . 


Under these conditions the computation of the sensitivity may be 
made on the basis of the following considerations. Figure 48 shows two 
parallel rays traversing in the geometric paths, in the interior of the 
model. The distance between the rays is dy. The optical length of the 
path of one ray, passing through the fluid in a region with temperature 
0 is sn, where n is the index of refraction of the fluid. The opti- 


cal length of the neighboring ray is sfn + — 

\ d© 

side the fluid having a different temperature - 
duce the optical difference of path of s ~ d© 


d ©J, since it passes in- 
Thus, the two rays pro- 
over the distance s. 


Hence, the wave front, and with it the light rays, is deflected by the 
small angle s ■— If this deflection of the rays corresponds to one 

cell of the lattice, then (see fig. 46) 


dn d© _ x 

d© dy l 


(13.14) 


whence 


d© 

ay 



(13.15) 


For water at 20° C, dn/d 0 constitutes approximately 9X10“^ degrees - "* - . 
Hence, for these dimensions of the model, we obtain 

x = 0.3 cm ^ 

Z = 56 cm 

s = 4 cm 

- 15 aeg/cm J 


> 


(13.16) 


The deflections (at a temperature above 4° C) are directed toward the 
cold regions of the model. On raising the temperature the magnitude 
dn/d © increases; hence, d©/dy, corresponding to one cell of the lattice. 


4281 



OA-15 "back 


NA.CA TM 1407 


115 


decreases, so that the same absolute temperature gradients are now ex- 
pressed by a higher number of the rod of the lattice. Hence, the stripes 
on the photographs that correspond to the warmer regions of the model lie 
closer together than in the antisymmetric cold regions. 

The duration of the steady thermal regimes for this model was about 
2 hours. 

As illustrations, a number of photographs that were obtained with 
this model are here reproduced (magnified twice), figure XVIII, A, B, C, 

D, E, and F. On these photographs it is possible to follow the changes 
of the thermal picture for vertical slits at different heating powers . 

The center of each photograph shows the black image of the plumb line. 

In order that this line may always be seen, the apparatus was so adjusted 
that the image was bright in the absence of the thermal process: the 

bundle of rays does not fall on the rod but on the center of the cell of 
the lattice. As the heating power is increased the number of stripes in- 
creases, their form remaining almost unchanged . The S-shaped curvature 
of the central l umin ous stripe may be observed on all photographs . The 
stripe shows that the region of zero horizontal temperature gradient 
occupies the entire length of the central part of the model and is turned 
up toward the warm wall of the model and down toward the cold wall. This 
circumstance su gg ests that the vertical temperature difference in absolute 
value is close, if 1 not equal, to the horizontal . temperature difference. 
Because the vertical heating was not specially arranged, this difference 
has the natural sign of being warmer upward. 

Figures XIXA and B show photographs obtained with an inclined slit. 
Figure XX shows photographs obtained with a horizontal slit. 
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CHAPTER 14 


CONCLUDING SUMMARY OP EXPERIMENTAL INVESTIGATIONS 
OF LINEAR AND QUASI- LINEAR CASES 

As may be seen from the material presented in chapters 9 to 13, the 
theory described at the beginning of the book is essentially valid for 
laminar fluid motion. 

1. The numerical value of the magnitudes entering the theoretical 
formula (5.15) is satisfactorily confirmed in experiments on models of 
different diameter and on models made of different materials (ch. 10, 
sec. 2). 

2 . The convection parameter is actually constant along the model 
height in those cases where convection takes place (table VTII) . In the 
computations it is necessary to consider the trend of the standard con- 
vection curve (ch. 8, sec. 3). 

3. The laminar motion in a closed model actually consists in the fact 

that the section of the model spontaneously divides into two parts: in 

one part the warm fluid rises upward, and in the other part the cold fluid 
descends downward (fig. III). 

4. In laminar motion one side is actually warmer than the other (ch. 
10, secs. 4 and 5). 

5. Diametral antisymmetry, corresponding to the smallest root of the 
characteristic equation (5.15), ip actually observed above the heater even 
with annular heating (fig. II) . 

6. In the center part of a vertical model the velocities of the lam- 
inar flow are, at least essentially , vertical and are accompanied by 
characteristic small vertical and considerable horizontal temperature 
gradients (ch. 13, sec. 2). 

7. The conditions at the ends of the model do not play a deciding 
role in the steady regime except far the still doubtful case of short 
columns of liquid (ch. 12, sec. 5). 


4281 



4281 


NACA TM 1407 


117 


8. Near the plane boundaries of the model (warm bottom and cold top) 
the exponential law of the temperature averaged over the perimeter is 
approximately observed (formula (l2.l)). 

9 . The unsteady phenomena of convection differ in striking features 
(ch. 11). 

10. The laminar and above-critical convection regimes are separated 
from each other by a sharp critical point (ch. 10, sec. 1, fig. 25). 

11. The above-critical regime is characterized by an approximate 
constancy of the provisional Nusselt number the value of which shows that 
in the above-critical regime, the thermal behavior of the model is equiv- 
alent to a solid body with a heat conductivity probably a thousand times 
as large as the molecular heat conductivity of the fluid (ch. 10, sec. 3). 
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CHAPTER 15 

CASES REQUIRING SOLUTION OF NONLINEAR EQUATIONS 
OF GRAVITATIONAL CONVECTION 


1. Practical Significance of Nonlinear Cases and 
Restriction of Scope of Problem 

Chapter 5 shows that the analytical treatment in known functions is 
possible only for linear differential equations that describe only a 
specialized case; namely, the strict collinearity of the velocity vector 
of the flow, the tube axis, and the acceleration vector of the gravity, 
along with constant temperature gradient along the model. 1 Chapter 11 
shows that, as a result of the heat losses over the model, this require- 
ment is not strictly observed even in a model of special construction. 

In nature and in industrial practice this requirement is still less 
strictly maintained even in more or less similar cases, for the following 
reasons : 

(1) The noncylindrical shape of the ducts (the ducts and tubes are 
of variable cross section) 

(2) The nonuniformity of the wall thickness or the coefficient of 
heat conductivity along the duct 

(3) The unexplained presence of heat sources or sinks that produce 
additional temperature gradients 


( 4 ) The parametric nonlinearity of the process, the roie of which 
is particularly marked in ducts of small dimensions (pores) 

(5) The end phenomena and the phenomena near the principal heat 
sources and sinks 

(6) The nonvertical position: of the channel axis. 
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In every practical case some of these causes are very important* 
while in other cases they are decisive. 

At the same time* however* the solution of a system of nonlinear 
partial differential equations does not lend Itself to the application 
of the known functions introduced in practice and studied in connection 
with the solution of linear equations. Therefore* the mathematical 
methods may be of assistance in studying the processes of convection 
only in the form of certain complicated and laborious computational pro- 
cedures (method of successive approximations) . 

The absence of any generalized mathematical guiding principle in 
regard to the theoretical cases of most interest makes it necessary to 
give considerable attention to the cases that will acquire the greatest 
practical significance in the future. In our present discussion* only 
the preliminary theoretical results are given for the following three 
investigations: the vertical circular tube with heat losses* the hori- 

zontal circular tube* and the spherical cavity. 


2. Observations on General Method of 
Solution of Nonlinear Equations 

No method of solving nonlinear differential equations in closed 
form is known. Considerable study has been made of functions that rep- 
resent solutions of linear differential equations. These functions* 
only with rare exceptions* satisfy simple nonlinear differential equa- 
tions. For example* the solution of an ordinary differential equation 
of the first order leads directly to series difficult to compute if this 
equation is nonlinear. 

Therefore* the solution of the partial differential equations of 
gravitational convection* which are nonlinear and of high order* cannot 
be a simple problem. Other more or less investigated solutions of non- 
linear equations may here serve as an analogy; for example* those which 
have important application to radio technology due to the brilliant work 
of the school of Soviet academicians L. I. Mandelshtam and N. D. 
Papaleksi. The different variants of the method of successive approxi- 
mation have proven fruitful. 

The essence of the method* as applied to the problems of gravita- 
tional convection* consists in the following three operations: 

(l) The system of differential equations (2.1)* (2.2)* and (2.4)* 
by elimination of all unknowns except one* reduces to a single differ- 
ential equation of a raised order. An example of this operation is the 
transition from two harmonic equations of the second order to one bi- 
harmonic equation of the fourth order (ch. 3* sec. 3). 
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(2) By adapting to the special features of the case ..under consider- 
ation, special dependences of the required function on all the arguments 
except one are given for the indispensable condition of the separation 
of variables. In this way, we pass from the more general case of a 
partial differential-equation to the narrowed case of an ordinary dif- 
ferential equation ( in total derivatives). An example of this operation 
is the typical case of the introduction of an exponential function of 
time (ch. 6, sec. 3, eq. (6.1l)). In eliminating the unknown dependence 
on the space coordinates by this method, use of the property of space 
symmetry is suggested. 

(3) The ordinary nonlinear differential equation is solved by the 
method of successive approximations. 

The essence of the method of successive approximation® lies in first 
introducing or seeking, on the basis of physical considerations special- 
ized for the case under consideration, a certain parameter, that quantita- 
tively characterizes the "measure of nonlinearity. 11 The required function 
is then broken up into a sum of new functions o£ which each differs from 
the preceding by a multiplying factor; namely, the previously mentioned 
parameter of nonlinearity. Finally, the equation is expanded in powers 
of this parameter. Since this constant parameter is not z$Y 0, the entire 
equation can be satisfied only if the coefficients of the different 
powers of the parameter (the required functions of the remaining single 
argument) are zero. The single equation is thus converted into a system 
of simultaneous equations. Each of the equations is obtained as linear 
with respect to the successive required component entering" the unknown 
function, but nonhomogeneous, containing on the right side, the required 
components of the function and "their derivatives in nonlinear combina- 
tions. In turn, the solution of. these equations permits adding to the 
previously found solution a new accuracy- improving term - the successive 
approximation. 

In this successive computation, a very large significance is pos- 
sessed by the "zeroth" approximation, which start_s the process of suc- 
cessive approximations and plays the decisive role. In choosing a new 
function as the zeroth approximation, we can describe qualitatively new 
processes (secs. 4 and 5). The linearized case (ch. 3) plays the role 
of the "fundamental" initial orientation for the investigation of certain 
special variants of these qualitatively different processes- 

The order of the three operations previously mentioned may be chosen 
differently, depending on the special circumstances of each., individual 
case, from considerations of facilitating the technique of the laborious 
computations. One of the operations may even be carried out only par- 
tially, then the second operation may be carried out, and finally the 
first operation may be completed (sec. 5). However, in whatever form the 
parts of these three operations are carried out in any computational 
procedure, in principle they represent only a single device. 
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In regard to the physical meaning of these operations , the second 
and third operation represent certain physical assumptions In mathemat- 
ical form. In the choice of these assumptions a considerable part is 
played hy the practical requirements., and by the possibility of realizing 
a physically verifiable experiment. 


In this connection It should be emphasized that the "fundamental" 
equations discussed in chapter 3 do not represent the original general 
equations of gravitational convection, in which the nonlinear terms have 
heen mechanically deleted. The nonlinear physical character of the equa- 
tions is maintained and represented by the convective term Av in the 
equation (3.3) of heat conduction of Fourier-Kirchhoff . The structural 
mathematical linearization was found admissible only hy virtue of the 
chosen special case where 


bk _ b 2 e 

^ 3z 2 


°' s 


bk 

35F 


= o 


(2.10), (3.5) 


and 



(2.9) 


Conversely, if the solution obtained in chapter 5, confirmed by the 
experiments described in chapter 10, is substituted in the initial equa- 
tion (2.2) of chapter 2, crossing out the nonlinear term on the left side 
of the last equation, these equations, "linearized" in the same mechan- 
ical fashion, will not be satisfied. One may convince oneself of this 
by an elementary substitution. 

For simplifying the laborious computations it is advisable to add 
a fourth operation to the three previously mentioned operations; namely, 
the reduction of the equations to nondimens ional form. 


12 

3. Case of Heat Losses Through Imperfect Heat Insulation 

Chapter 11 discusses theoretical considerations and experiments con- 
nected with heat losses through the walls along the channel in which 
thermal convection is observed. These heat losses give rise to deviations 
from the strict assumptions from which we started in deriving the "funda- 
mental" equations of chapter 3, and the reservations which were maSeTrT 
particular in section 5 of chapter 3. 


12 

Sections 3 to 5 were compiled on the basis of data obtained by 
N. M. Pisarev. 



122 


— HACA TM 1407 


We shall now take into account the structural nonlinearity of the 
equations of convection and solve the problem more strictly. We shall 
choose a cylindrical system of coordinates such that the Z-axis coin- 
cides with the channel axis and’ is in a direction opposite to that of 
the acceleration of gravity. The initial azimuth is chosen arbitrarily 
on the assumption of the absence of transverse temperature_ gradients far 
from the channel. The initial equations of gravitational convection in 
cylindrical coordinate form for the steady regime are the -following 
(ref. 1 of ch. 2, p. 50) : 


The Navier-Stokes equations: 


bv z 

3F 


V/n 3v v 3v r 

+ £ * sr + * 
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The Fourier-Kirchhoff equation: 
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The continuity equation: 


3v r 

Sr 



x 


dvq> 

Sep 



(15.3) 


In correspondence with experimental results (ch. ll), to go over 
from the equations in partial derivatives to ordinary equations (in 
total derivatives) , we assume the following dependence of the axial com- 
ponent of velocity on the vertical coordinate and on the azimuth: 


v 


z 




+ h I 



+ fj_ cos <p + f 2 cos 2<p + . 


) 


(15.4) 


In this expression the first factor determines the dimension of the ve- 
locity. In the second factor the nondimens ional component a deter- 
mines the intensity of the convection phenomenon in the section z = 0 
(it has the sense of the Reynolds number) . The second component deter- 
mines the assumed linear dependence of this intensity on the coordinate 
z (ch. 11, sec. l). At the same time this component contains the non- 
dimensional "nonlinearity parameter" h. For h = 0 we have the lin- 
earized problem, solved in the form of the "fundamental" equations of 
chapter 3. In the third factor the velocity is expanded in a Fourier 
series in multiples of the azimuth and contains the required nondimen- 
sional functions only of the radius r-fg, ^2’ • * * 

Making use of the considerations of symmetry and by analogy with the 
preceding, we write for the radial component 


v r = ^ h(F Q + F 1 008 ^ + F 2 cos 2(p + • • •) 


(15.5) 


Similarly, we write for the azimuthal component 

v^ =s ^ h(§ 1 sin <p + $2 sil1 2<p + . . .) (15.6) 


From considerations of symmetry — 0, the absence of uniform rotation 

of the channel fluid about its axis is assumed. In the linearized case 
the radial and azimuthal components were zero, since we had h = 0 there. 


The continuity equation gives 


i. h-i 

# K 
> ^ 

6 + 1 F o + 1 


> 

F l 

i 

j cos <p + (f£ + i F» 

3) cos 2<p + . . .J 




r X ir( $ l cos ‘P + 2# 2 

cos 2<p + . . • ) + 




vhi 
R ' 

r 

Fq + f]_ cos q> + f 2 

cos 2<p + . . . } = 


(15-7) 
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whence the following relations are obtained: 

F o + 7 F o + I f o = 0 


F,' +-F, + - $, + i f i 
1 r 1 r 1 El 


f-l(o) = $-l(0) 

*2 + ? F 2 * I *2 + S f 2 


Owing to the presence of a boundary layer > 

F 0 (R) « F^R) = ^(R) = #g(R) - f 0 (R) - ^(H) = fg(H) * . L . - 0 (15.9) 

Substituting the assumed expressions (15.4) to (15.6) into the Navier- 
Stokes equation (15.1), gives 

/vh\^J^ , - - 

v"R~j + F]_ cos cp + Fg cos 2<p .+ . . . ) x 

(Fq + F^ cos cp + F^ cos 2cp + . . .) + 

i(§-^ sin <p + $2 s ^- n 2cf> + “• • • ) x 
(-F^ sin cp - 2Fg sin 2cp - . . . ) - 

1 2 1 

- — ($ sin cp -h <i> 2 sin 2<p +...)> = 

- j; * s? + TT + ? F o - JS F o + " 

(*l + ; F i - js ^x) 008 * + ( f 2 + 7 n - fs f 2) c ° 6 2| p " 

2 4 

— g cos (p - — g #2 G0S 2cp - . . .1 (15.10) 


2 4 

— g cos (p - — g $2 G0S 2tP - 


(15.10) 
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^ |(F 0 + ? 2 . cos 9 + Fg cos 2 <p + . . . ) ($■£ sin 9 + <i£ sin 29 + . . . ) + 

i (§ 1 sin <p + #2 sin 2<p + . . .) (#^ cos 9 + 2§g cos 29 + . . . ) + 

(Fq + F-j_ cos 9 + Fg cos 29 + . . . ) (<|>2 sin <p + ^>g sin 29 + . • • ) = 

■ -k * + tt («£ + 1 *{ - js *i) sln + (*1 + ? *2 - ^ ^) aln ** - 

-4> F]_ sin 9 - ^ Fg sin 29 + . . (15.11) 

(l ) 2 4 + h l){< F o + cos <p + Fg cos 2 <p + . . 

(f 0 + f£ cos <p + f g cos 29 + . . . ) - 

~ ($i sin 9 + fig sin 29 + . . . ) x 
(f^ sin cp + 2 fg sin 2 cp + . . . ) + 

^(fQ + CO 6 9 + f g cos 29 + . . .) 

( f l + r f i - ^2 f i) cos <P + 


) x 


fg + — fg - fg cos 2cp + . . . 


gpe 


(15.12) 


Equations ( 15.10) and (l5.1l) do not contain members depending on the 
vertical coordinate zj therefore. 


> 2 _. 

^ P _ n 
drdz 


_ 

cXpclz 


(15.13) 


= 0 
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It follows that the expression 3p/dz, encountered in equation (15.12) , 
does not depend either on the radius r or on the azimuth .. <p hut de- 
pends only on the vertical coordinate z. By analogy with the previously 
discussed case of the superposition of free and forced convection in 
correspondence with equation (5.33), we assume 


dp 

c5z 


pg0Az 


(15.14) 


Differentiating equation (15.12) with respect to the radius' r, we elim- 
inate the pressure p. To facilitate the computation, we first trans- 
form this equation by carrying out the multiplication and grouping the 
terms with the same function of the azimuth, where we consider the fol- 
lowing relations: 


2 sin^ <p *s 1 - cos 2<p 
2 cos^ <p s 1 + cos 2<p 
2 cos tp x cos 2cp = cos q> + cos 3<p 1 

2 sin <p x sin 2<p t= cos <p - cos 3cp J 

In this way we obtain 


(15.15) 
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Further , 

as v2 ( a + 11 f ) 

"Sr gPR 

r V 

where the symbol < V denotes the derivative with 

r of the expression in braces in equation (15.16). 
symbol will be applied to the following derivatives 
sion* with respect to the radius and the azimuth. 



(15.17) 


respect to the radius 

Further the same 
of the same expres- 


We now substitute the obtained expressions in the Fourier-Kirchhoff 
equation (15.2), so that 

..21 


vh/ 

"^•(Fq + F]_ cos <p + Fg cos 2cp + . . . ) 


; (» - h I) 
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1 „ vh 
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v 2 (a + h§) 

* if^l siEL 9 + $2 sln 2t P + • * •) — gPR 

^ + h ^)(fo + ^1 cos <P + ?2 cos 2<p 

After dividing, this equation is rewritten as 


•>[*• -sol- 


(15.18) 


u*»{ 

i * l[s< f o 


(f q + f^ cos (p + fg cos 2<p + . . . ) 


+ f^ cos (p + f g cos 2(p + . . . ) 


u 

sin cp + sin 2cp + . . 


(F n + Ft cos (p + Fo cos 2cp + 



0 


= 0 


(15.19) 


In view of the great complication of the equation obtained, it is 
hardly worth while to interpret the equation in its general form. 
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4. Case of Axial Symmetry 

We shall now dwell on a particular case which is distinguished by 
its evident simplicity. We assume that the entire phenomenon is sym- 
metrical about the Z-axis. This case is experimentally observed within 
the heater that heats the model (e.g., fig. II ). In this case 


f l “ f 2 “ * ’ • = F i 


Fg — • • • — = 

o 

3T“ 0 


= o 


(15.20) 


Bo 

Bqj 


= o 


J 


Only two nondimensional functions of the radius, f^ and Fq, are re- 
tained, Equation (15.19) is then rewritten as ' 

l(fo + \ - js f o - i(Vo + Vo + l Vo)] + 

f 0 V + I f o - f " + js f o - l( F o f o + 2f o f o + Vo" + 

I vs + 1 f o 2 ) - k4f 0 - a x tg f 0 ( f s + 1 f s - 
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- 0 


It can otherwise be expressed in the following form: 


k*f 0 =| Frl 
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(15.22) 
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(15.23) 


From, equation (15.22) it is seen that if h = 0, ve have the previously 
discussed case of the "fundamental" linear equations (3.9). However , if 
h is different from zero* it is necessary to solve the nonlinear 
equation (15 • 22} . 


Applying the method of successive approximations for this purpose,, 
we expand f q and Fq into sums of unknown functions of the radius r, 

in powers of h: 


f 0 « + h *i + * +2 + 


- So + + t z 6 2 + • 


Substituting these expressions in equation 


(15 . 8 ) gives 


£o + ?So + 5*o- 0 

Ei + | ti + | *! - o 



(15.24) 


(15.25) 


Substituting equations (15.24) and (15.25) in equation (15.22) and 
equating the coefficients of like powers of h> we obtain the following 
set of equations : 


£A\|r 0 - k 4 i|r 0 a 0 (15.26) 

- k4 *l - bV*[b +o(*o + | *o) + 

+ r *0 " 16)] + r^O^O + ^0+0 + I * 0 * 0 } + 

Wo + 2 Wo + Wo + I Vo + I ^o 2 j 


(15.27) 
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- k 4 f 2 

z 0 fa + ? ♦£ - jz * 


s i{’ r [i *ofa + 7 *i) + 7 ^o + 7 +o) 
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\ 

£o(Vo + Vo + § Vo)| 


(15.21 


Equation (15.26) agrees with the previously discussed linearized 
case, equation (3.9). In the other equations we obtain a system of non- 
homogeneous linear biharmonic equations in the unknown functions ijr^, 

\Jr 2 , . . . . On the right sides of each of these equations, functions pre- 
viously defined from the preceding equations appear. All functions. t | r 
and £ are even functions of the radius. The equations must be inte- 
grated under the general known boundary conditions: Each of the func- 

tions must be finite, continuous, and single- valued; it should give zero 
in the boundary layer at the channel walls and should satisfy the con- 
dition of "closedness." For example: 


2n 


jf 


lKr dr = 0 


(15.29) 


Equation (15.26) in regard to coinciding with the "fundamental" 
equation (3.9), should give the following solution for axial symmetry in 
the closed channel: 


vapo(ite) W 

- TT|jo(ikR) " J 0 (kE)_ 


kR = 4.611 
(kR) 4 = 452.1 


>> 


(15.30) 
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Whence "by equation (15.8) for the radial component, we obtain to a first 
approximation 


vh .. 1 T -iJl(ikr) _ Ji(kr)1 vh , 
Vr ” E X kE [2 J 0 (ikE) J 0 (kE)J ‘ E ^ 


(15.31) 


By substitution it can be confirmed that this radial component gives the 
value zero at the wall of the boundary layer (for r * R) . 

In computing the functions y 9 ^jr^, ... from equations (15.27), 
(15.28), and so forth, the following feature is revealed. The general 
solution of equation (15.27), for example, is the sum of the solutions 
of an equation of the form (15. 26) (homogeneous) and of any particular 
solution of the nonhomogeneous equation ( 15 . 27) . The first component of 
this sum satisfies the condition of closedness (15.29). The second com- 
ponent, however, may receive the following form. It Is necessary to 
represent the required particular solution and the right side .of equa- 
tion (15.27) as a series of suitable orthogonal functions. By equating 
the coefficients, the coefficients of the required series are found. 

In the given case, the suitable orthogonal functions are the Bessel 
functions of the first kind of zero order. They easily give zero at the 

boundary and therefore already satisfy the condition of the boundary 

layer. They likewise satisfy the conditions of finiteness, continutity, 
and single- valuedness. However, the obtained series will not always 
satisfy the condition of closedness (eq. (15.29)) but will satisfy only 
for a single value of the fluid parameter Pr. Because the right side 

of equations (15.27), (15.28), and so forth, are linear functions of 

this parameter, the required series and the condition of closedness will 
likewise be the same linear functions of the parameter. 

Whether this single (real) value of the parameter Pr really exists 
(in particular, as a positive quantity) or whether it requires fantastic 
fluid properties Is a question that is as yet not clear. However, the 
value of this parameter, obtained with the aid of equation (15.27), will 
certainly differ from the value of this parameter obtained with the aid 
of -equations (15.28) and so forth. As a result, a contradiction is 
obtained. 

In this way we arrive at the almost certain result that In the axi- 
symmetrical case (eq. (15.4)) the proportionality of the vertical com- 
ponent of the velocity v z to the binominal (l + h z/r) is actually not 
realized. Similar cases and cases experimentally observed correspond to 
some other nonlinear dependence of this vertical component on the ver- 
tical coordinate z or to some other value of the parameter kR, dif- 
fering from 4.611 (eq. (15.30)). 
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The hypothesis (eq. (15.4)) applied to the ..axisymmetrical case may 
he considered no more than a very rough initial approximation. Further 
on, several computations making use of this hypothis will be given, but 
the significance of the conclusions from these computations should not 
as yet be exaggerated. 


In view of the complicatedness of the process of the solution of 
the preceding equations, it is desirable to clarify important physical 
questions by which this solution is avoided. Perhaps the most important 
question is that of the thermal conditions on the boundaries at the 
channel walls, which are the cause of the nonlinear phenomenon pre- 
viously described. 

Let us multiply each term of equation (15.2) by an element of vol- 
ume r dr d<P dz and integrate between the limits of a layer of the 
height R. The last term on the left side will then give, considering 
equations (15.20) and (15.18), 


r r r 

Jo Jo Jo 


be 

x -g— r dr dcp dz = 2«R 




r dr 


v z r + ^2 x h *l J 0 Sr 


sm c 





dr 


(15.32) 


where the first term in brackets is equal to zero, owing to the "closed- 
ness" of the channel. The first term on the left side of equation 
(15.2) will give 



(15.33) 


If| the last integral is integrated by parts, we obtain 

T Hfr dr ] ■ F ° r {)f -£X}b + ' F °] r dr - f 4V 


dr 


(15.34) 
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The substitution here vanishes because of the presence of the boundary 
layer. The transformations are made on the basis of the continuity equa- 
tion, in particular equation (15.8). 


Thus, both remaining terms on the left side of equations (15.2) to 
(15.18) are equal to each other. The physical sense of the expression 
(15.32) is defined as the heat transferred per second by convection up- 
ward from a layer of height R. The physical sense of the equal ex- 
pression (15.33) is that it is the heat transported by the radial veloc- 
ity component from the periphery to the inner parts of the fluid. 


gives 


After integration, the right side of equations (15.2) to (15.18) 


nR r>2ir HR 

Jo Jo Jo 


xA0r dr dcp dz = -x2jtR 2 (l!£\ 

\brJr=E 


(15.35) 


where the Ostrogradsky-Green theorem was applied. The entire equation 
(15.2), after integration and substitution, gives 




r dr » -2 jtR^x 


v2 ( ath f) rn-l 


gpR 




whence, the parameter of nonlinearity h is determined as 

1r 


, x B 3 

h “ ~ v X *F X 


xs aet.« 

m 


(15.36) 


(15.37) 


On the other hand, the heat transferred by convection through the section 
z upward is equal, by virtue of relation (3.23), to 


Q. = pc2:rt 



v z 0r 


dr = 



2itpcv 5 

SPR 2 




dr 


(15.38) 
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The term with A drops out because of the "closedness" of the channel. 
Over the distance of one centimeter of the channel height this heat in- 
creases by the amount 



4«pc 


£ 


v^l a + 




(15.39) 


Substituting 

gives 


this expression in relations (15.35), (15.36), 

± 


3Q 


■2irRX 


[ a + h|)r - 


gpR 


liK] 


r=R 


= -2rtRX 


V5r/r*R 


and (15.37) 
(15.40) 


and 



(15.41) 


The last equation connects the parameter of nonlinearity h with the 
experimentally observed intensity of the heating (or the heat losses) 
through the channel walls. 


The following further circumstance must be considered^ The ex- 
perimentally observable vertical, gradient on the peripheryof the channel 
cross section differs from the mean gradient A which plays an impor- 
tant part in this theory. In fact, limiting ourselves to the first term 
of the expansion (15.24) and making use of formula (15.16), we find 



A + 


v - 2 h L» + 1 

g P R 2 V° r 



(15.42) 


Further, taking into account formula (5.38) and substituting In place 
of i|tq its expression In terms of the Bessel functions (5.35) to (5.36), 

we obtain 


(sL ’ A ' 5P { ** o) *~* = 


v 2 hk 2 po( ikR ) Jo(kR)” 

„ v 2 h(kR) 2 

+ J 0 (kR)_ 

= A ‘ 2 SPR* 

r . h n 

f 2Pr x hi 

i 1 - ^ - <«)*j - a 

L 1 " 21.3 J 


t 


(15.43) 
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For water at a temperature of about 20° C, Pr « 7. Substituting* we 
obtain 



(15.44) 


where the term in brackets represents the relative decrease of the ex- 
perimentally observable peripheral vertical temperature gradient as com- 
pared with its gradient averaged over the section. Hence, for a certain 
value of h it may be found that this gradient is equal to the vertical 
gradient which corresponds to diametral antisymmetry. This is obtained 
when 


(kR) 

(kR) 


4 

diam 

4 

axial 


* 1 - 



For glass models 


(kR) 


4 

diam 


95 


100; (kR) 


4 

axial 


452.1; whence 


(15.45) 

For this reason, in the case of an annular heater coil wound directly on 
the glass , the convective flow spontaneously changes from diametrally 
antisymmetrical over the heater into axially symmetrical inside the 
heater. The last equation (15.45) hardly reflects accurately the value 
of h (it may be expected that actually the corresponding value of h 
is less), but the phenomenon evidently has this character. 


_ ^ 00 \ 
2\" 452.1 ) 


1.17 


5. Case of Diametral Antisymmetry 

As a second example, let us consider the more complicated case of 
diametral antisymmetry of the fundamental flow, previously qualitatively 
described in chapter 11. 

Because all three coordinates now play an essential part, it is 
necessary to make use of the earlier derived equation (15.19), in all 
its complicatedness. However, since on the basis of the experimental 
results of chapter 11 the antisymmetrical form must be considered as the 
basic form of the phenomenon, we now assume in equation (15.4) in place 
of equation (15.20), 

f 0 « f x » f 2 (15.46) 
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There is then immediately obtained from equation (15.8) 


*0 « F 1 =*■ F 2 


#1 » $ 2 

Since for h = 0 all the enumerated functions vanish except f^, 
apply a new notation , and in place of — 

f 0' f 2> F 0> F 2> ™ d *2 

we shall write 

hT 0 , hf g j hF Q , hF g , and. h$ ^ 

Moreover, we set 

=s + hijf^ + h^ijfg + . • • 

F 1 = So + h ^l + h2 ^2 + • • • 

#1 «= o^-) + ha>j_ + h 2 ci)2 + . . . 

The expression in braces in equation (15.16) then becomes 

C 0 “ + r ^0 “ R F 0 f 0 + 2^0 + ^^1 + * " * ^ ^0 + ^1 + * * 

2~ F 2 f 2 “ 2r (“*) + ^ + • • • ) (*0 + + • • • ) - 

V V2 + T f 0 + + 2lK0 O ai L + * ‘ •> + S f |] 

= ^ + r f 0 " ZR ^6 + ii® “*>*0 " ^2 “§[ + ~ 

h jj 2R^0^1 + ^l+O* + irR^O^l + " R ^O 03 !] + * * * 


(15.47) 
we now 


(15.48) 


• ) + 


(15.49) 
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CO 

rH- 


C-l = + h 2 ^ 

Jl *1 - *2 - |[bP 0 (+6 + + • * ') + 

(5 0 + + • • -)hfo + 1^0 + h ^l + • * - )f 2 + 

( 

t F 2^0 + hif i + ' * " r(«Po + ^ + ' ' *^ f 2 “ 

£ * 2 ( to + + ■ • •) + f f 0 ^0 + h +l + ■ * * } + 

ii(to + h^i + • • • ) = ^0 + r ” ^2 + 

^1 + ~ h *l] + ^ t 2 + * *2 - “Z *2 - 

|(f 0 *o + ^O f O + | *0 f 2 + I F 2*6 ' ^ f 2 ' 
i $2^0 + | f 0 ^ 0 + | +O f 2)] + * * * 

(15.50) 


C 2 - M” + I - § f 2 - 


.f I + tL 2 F„f\L + 


0 2 


2 0 


i(S 0 + h£i + • • • ) (+6 + h *i + • • •) + 


2^2 

— (ccq + ha>|_ + . . .)(+o + k+L + • • •) + — f O f 2 + 
^ ^0 + | *0*1 + ‘ ‘ •] = h ]f2 + r f 2 “ ^2 f 2 " 

3i Vo - SS Vo ’ S *§] + 

f |< Vi + C^) - s<Vi + Vo> + S Vi] + ■ • • 


h? 

R 


(15.51) 
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Substituting these values in the Fourier- Kir chhoff equation (15.19), we 
obtain the successive coefficients for the different trigonometric func- 
tions of the azimuth in the following form: 


For cos 0: 

c 0 + r c 0 - k4hf 0 - Pr X || f 0 C 0 + 

3g(* 0 + h +l + • * -) C 1 + w * £ 2 C 2 - 
■^(<^0 + h CD]_ + : . . )c 1 - ~ $2 c 2 + ^0 C 6 +— 


|(6o + h £l + • • -)Ci + | bF 2 C^| + • • • - 0 


(15.52) 


For cos cp: 


+ — C-j^ - — ^ - k^ ( + hi|r^ + . i i ) - Pr 


hfh f 

r[r *0 


Cl + 


i(^ 0 + + . • .)C Q + i(i|r 0 + hiff-L + . . .)C 2 + 


2R 


4 f 2 C l + 5^ + - ha> L + 


) C 2 + 2r *2 C 1 + 


(5 0 + h?! + . . .)C£ + hF 0 Ci + \ hF 2 Ci + 

■g( + h.£-^ + . . *)c<^| + • • . = 0 

(15.53) 

For cos 2p : 

C 2 + \ C 2 “ jiL C 2 - ****2 " Pr l| f 2 C 0 + I f 0 C 2 + 

i(i Q + + . . .)C X + A.(cd 0 + ho^ + . . .)C 1 + hF 2 C^ + 

M'q < -' 2 2^0 ^^1 * ) C oJ • = 0 


(15.54) 
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r-1 

00 

oa 


In these expressions the auxiliary functions C 0 > C-^ and C 2 in the 
new notation have th.e following meaning: 


c 0 




= hAf 0 - ^jh 2 F 0 f5 + -|(!; 0 + b£i + . • -)(*o + hl|r i ■* 

^ F 2 f 2 " + *“1 + • ' * ) (t 0 + ^1 + ' * ~ 

^^ 2 f 2 +1 f f 0 + ^*0 + h *l + * • ' )2 + fe f l] 

= hjAf 0 - £ 0 to - “ 0 t Q + tojj - 

^[l^i^o + So+P - ^ (cD o*i + Vo 5 + i vj + • • • 

C x = A(t 0 +**!+• • •) - | [^ 0(^6 + Uti + • • 0 + 

( £ 0 + + • • -)bf^j + |(£ 0 + K ± + ■ * -)bf4 + 

i hF 2 (to + h ti + • • •) ~ ^(<bo + ^ + * ' *^2 " 

^ h$ 2 (t 0 + h^ + . . o+l iV*o + h *i + • • •) + 
|(t 0 + h^ + . . Of 2 ] = A ^0 + h +l + * ‘ ~ 

^(F 0 t6 + Zo?o + \ Soffi + \ f 2*6 - \ °^ f 2 - 
-k *2*0 + 1 f 0+0 + S V 2 ) ■*•••• 


(15.55) 


(15.56) 
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c 2 


= hAf2 ' |pF 0 f 2 + h % f 0 + 

|(S 0 + h?! + . . .)(to + + • • •) + 

2 jrC^O + + ■ . • • ) (to + kti + • • • ) + _ 


2^2 2 _ p I 

“r~ f 0 f 2 + 2p(to + h ti + • • • ) J 

b r f s - 1(1 W + h Vo + m *j| + 



+ + 5^1 ^“lV 



Nov, grouping the terms of equations (15.52) to (15.54) with the 
power of h, we obtain the following: 

Terms not containing h: 


AAt 0 - k 4 to = 0 


Terms containing h to the first power: 


AAf 0 - k 4 f 0 = ■— A (e 0 t6 - 7 qo*0 + 5 +o) 

C.0 Ati) 


Pr x 


toAt 0 " 7 “toAt 0 + 


AA^ - k 4 ^ = 0 

AAf 2 - k % = 55 A (^ot 6 + 7 “to to + 5 to) 
Pr/i 1 \ 

2l\RtoAto + 7 cocAto + CcAt6 J 


( 15 . 57 ) 

same 

(15.58) 


(15.59) 

(15.60) 


(15.61) 
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The remaining equations have a more complicated form. In equation 
(15.58) we recognize the "fundamental" equation. The remaining equations 
enable the computation of the functions fQ and fg. We note that the 
correction to t|/q is found not to he below the second power of h, since 
the equation for does not differ from the equation for i|tq and 

therefore does not give ''corrections" to the last function. That is, we 
may assume ^ = 0. 


The various functions encountered in these equations are connected 
with each other by the continuity equation which, in the new notation 
considering equations (15.8) and (15.48), is written in the developed 
form: 


F 0 + r F 0 + R f 0 " ° 




1 ? 1 
*2 r 2 r *2 R *2 U 


^+-L+-^+lt« =! 0 

b 0 r b 0 r 1) R T 


(15.62) 


q + 1 q + 1 + 1 ’"i - ° 


In addition, it is also necessary to bear in mind the following re- 
lation. If equation (15. 10 ) is differentiated with respect to the azi- 
muth, and equation (15. 11 ) is differentiated with respect to the radius, 
we obtain the following two expressions for c^p/dr5<P: 


JL_ 

pr 


X * 2 P 

c3rd<P 


v^h ( A — 2 * 


d 

rR 

v£h 

R 


sin <p + . . 


(15.63) 


where only the terms with the factor h sin <p have been retained. 
Hence, in the new notation, the terms containing the first power of h 
have the coefficients: 


■ I A5 ° + ^ “0 ■ *"*& 

ti + jsio 


3 - f t _L. 3 - f 

r 2 ^0 + r 3 ^0 


" ^6 “fc 


> 

J 


(15.64) 
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Substituting from equation (15.62) in equation (15.64), we obtain 


«*> = - i *o - £ - r ?o 




f 17 5 »nt , JL _JL f < JL. f 

^>0 + r ^0 + r 2 ^>0 " r3 *0.“ r 4 ^0 

= ^0’ + 4^0 + i^^-^3 ^0 


(15.65) 




The solution of this system of equations must be used in the right sides 
of equations (15.59) to (15.61). 


From this it is seen how laborious is the work on the solution of 
the nonlinear equations of gravitational convection even within the 
limits of the first approximation (i.e., the first few powers of the non- 
linearity parameter h) . However, the method of solution that leads to 
the solution of a system of linear equations gives a clear perspective 
of how the result is to be attained. 

In conclusion, it is useful to remark that the order of operations 
which is presented here evidently saves a maximum of computational work. 
It would perhaps have been more strictly logical, to have made a substi- 
tution of the different powers of h directly in the initial hypotheses , 
equations (15.4) to (15.6), and not in equation (15 .18) as y&s done in 
equations (15.18) and the following. What has been done here represents 
a double introduction of the same small parameter h. The results ob- 
tained by both methods are the same (sec. 2). 


yz 

6. Convection in Horizontal Channel of Round Cross Section 

As a third example we consider the plane convective motion of a 
fluid arising in an infinite horizontal channel of round cross section 
hored in an infinite homogeneous solid surrounding block. In this block, 
by means of heat sources and sinks situated at an infinitely large dis- 
tance, a temperature gradient constant in time is produced perpendicular 
to the channel axis. At a great (as compared with the channel diameter) 
distance this temperature field is homogeneous. In the neighborhood of 
the channel this homogeneous field will be distorted. For a stationary 
fluid the distortion will be in. its molecular conductivity, and for a 
moving fluid the distortion will be in its convection as well as in its 
molecular conduction. 


13 This section was compiled from data obtained by E. M. Zhukhovitski . 
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We choose the axes of coordinates as shown in figure 49. By the 
conditions of symmetry. 


v z = 0 




be 


• o 


(15.66) 


bv v dv„ 

'sr- 0 ^ 

The equation of a streamline has the form, in Cartesian coordinates. 


dx _ dy 
v x ' v y 

Vydx - v x dy = dY = 0 


(15.67) 


and, in polar coordinates. 


dr i r i d tp 


'CD 


(15.68) 


v^dr^ - r 1 v r d<p = dY = 0 
where the symbol Y denotes the stream function. It is evident that 


-v 

<5x y 


dY 

37" Vx 




or 


> 


(15.69) 


dY 

_1_ dY 
r^ ~5<p 


= -v, 


<P 


J 
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This transformation is possible if dY in equations (15.67) or (15.68) 
is a total differential; that is, if 


= _ Sv y = B 2 Y = 3v x 

dxdy dy dybx bx 


B 2 Y 


J?*. . ±j>. 

OTjOip Q(p 


^<p5r^ 


- r 


bv x 

'i 3SFT 


+ v„ 


(15.70) 


The preceding equations coincide with the equations of continuity in 
Cartesian and polar coordinates, respectively: 


3v v 3v x 

3T + 5T 


+ Zz + JL BV( p 

~SjT rj_ r-j_ ckp 


(15.71) 


Thus, the introduction of the stream function is admissible. 

The streamlines are characterized, according to equations (15.67) 
and (15.68) by the fact that along them dY = 0 (i.e., Y =_constant) . 
The greater the velocity, the more closely packed are the streamlines. 


In order to use the Navier-Stokes equation and to eliminate the 
pressure gradient from the equation by applying the curl operator, ve 
compute the curl of the velocity: 


- XT - 


= V 

Bv 

tvv] y - 1 ST 

Bv v Bv v 


dv„ Bv, ; 




Bx By 


ST 

Bx" 

Bx 2 


= 0 


0 

b 2 y 

By 2 


> 


= - AY 


J 


(15.72) 


Applying the curl operator to the Wavier- Stokes equation we. obtain 


-[v[v[vv]]j = vA[vv] + 3[v0g] (15.73) 

Substituting equations (15.69) and (15.72) in the preceding 'equation, we 
obtain the following scalar equation (the component on the z-axis of 
equation (15.73)) : 



=.VAAF - gf3 ^ 


(15.74) 
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co 

<M 


or, carrying out the differentiation and multiplication on the left side, 

s (15.75) 

The Fourier-Kirchhoff equation is now rewritten as 


BY „ BAY 
3y c5x“ 


x = vAAT - g|3 ^ 

ax ay 


Sy x Be 
3y ^ 


|I x|® = XA0 
ox dy 


(15.76) 


We pass to polar coordinates by means of the following well-known x 
formulas : 


- cos (p 
ox or -j 


1 = sin cp 1- 
dy ori 


1 • & 

^ 8in<P ^ 


+ 7T “ 6 * Jp 


(15.77) 


The system (15.75) and (15.76), expressed in polar coordinates, then 


reads 





1 fa'. 

r 2 ay By 

2AY\ 



p x 

^rj 


i 

(be be 

V 1 , 

V/V\T 

- gpl 

cos ’ - ^ 

x *r 

_1_| 

r l 

fa X 

fa 

as By Be> 

Br-L Br-[_ ^ 

|= x£0 


(15.78) 


The continuity equation has already been employed in forming the stream 
^oSon T It i. assumed that the equations have been parametrically 

linearized (ch. 2, sec. 2). 

He have obtained a system of partial differential equations of a 
higher order (of the fourth order in T and the second order in ), 
ll ZSL l r but homogeneous, end vith constant ^fficients the 

limits of parametrical linearization). It must be solved for t 
boundary conditions which were specially considered previously (ch. 4, 
secs, l^and 2). With the introduction of the new function T these 
boundary conditions are formulated as follows: 

(1) Within the cross section of the channel (0 £ r x £ R) , the func- 
tions y and 0 are finite, continuous, and single- valued, with the 
required number of derivatives • 
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(2) At the wall , for r^_ = R, there is an adhering boundary layer 
of the fluid (eq. (15.69)): 



(15.79) 


(3) Within the boundary layer there are no jumps of temperature and 
of heat flow: 


0 r^=:R “ ^er-jsR 




(15.80) 


(4) In the neighborhood of "the channel there are no heat sources 
and no sinks: ~ 


A0 e = 0 


(15.81) 


(5) At infinity, the temperature gradient is given as 





(15.82) 


For convenience of solution and without restricting its generality (since 
only derivatives are encountered in the equations) j we assume that Y 
vanishes at the wall : 


(Y)r 1= : R =0 (15.83) 

To simplify our further discussion, equations (15.78) will be reduced to 
a nondimensional form. As a scale for the length we shall choose the 
channel radius R, and as' a temperature scale we shall choose the product 

AqR = R-v/a 2 + B 2 ' 


(15.84) 
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H 

CO 

CV3 

Til 


Moreover, we set 


r^ - Rr 

Ytr^cp) = K?(r,cp) 

= AQR-6(r,q>) 

, gpAnR 4 
C 4 H = Gr x Pr 




(15.85) 


J 


The connection of the stream functions in terms of x and not v, as 
would he expected from the form of the equation, is determined by the 
convenience of the further computations. Here r-j_ denotes the ordinary 
radius, r the nondimens ional radius, Y the ordinary stream function, 

F the nondimens ional stream function, 0 the ordinary temperature, and 
■6 the nondimens ional temperature. After reduction it is found that the 
entire nondimens ional system is now determined by the single nondimen- 
sional parameter £ 4 , having the criterional value 


AAF 


1 l/dF 
- P? x rfei x 


d£F dF 

W ~ x 


clAF\ 

W)' 




l/d# 


cos 


CP - i 
r 


"5? 


sin 


*) 


Ai 


f i fa x b* 
v = t\^ x -5? 


sf a*\ 
x 


(15.86) 


Because A q denotes the arithmetical value of the square root in equa- 
tion (15.84), ^ is essentially positive, since p is usually negative. 


It is useful to observe that through the parameter a relation 

is established between the mechnical and thermal aspects of the phenom- 
enon: The absence of thermal phenomena (Aq = 0) or the absence of their 

effect on the mechanical side of the process (for p=0, v = °° or 
x s «) leads to the value = 0. This value corresponds to the fact 
that both equations of the system of simultaneous equations (15.86) are 
converted Into independent equations that do not constitute a system. 


It is also necessary to remember that, in virtue of the assumption 
of parametric linearization of equations (15.86), they automatically be- 
come invalid for large values of For this reason, it is desirable 
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to seek a solution in the form of a series developed in powers of 
We set ' ” ” ~ 

F = + ^F^ 2 ^ + . . . 

$ = + g 8 ^ 2 ) + . . . 

d e - *< 0) + + ft™ + 

f(°) =0 

The essential idea of the process of solution is that the solutions in 
the form of the series (15.87) are substituted in the equations of the 
system ( 15 . 86 ). By comparing the coefficients of equal powers of , 
equations of the following form are obtained: 

AIF^ « f(^ 0 ),- F^ 1 ), F^ 2 ), . . . 

. . .; 

A-a( n ) a ^(*(0), F^ 1 ), tit 1 ); F^ 2 ), . . . 

. . . ; p( n “l), ^(n-l)) 

The functions f and fj_ embrace the functions F and $ of differ- 
ent indices, as well as their, lower derivatives. The first equation of 
these equations represents a two-term biharmonic linear equation with 
constant coefficients, nonhomogeneous, containing the already previously 
defined known functions on the right side. The second equation repre- 
sents the elementary harmonic equation of Poisson. In principle, there 
are no obstacles to the solution of these equations; a solution always 
exists. In regard to the solution of these equations, the following is 
useful (ref. l) . 

Any function Fq, satisfying: the homogeneous, biharmonic equation 

A4F 0 « 0 (15.89) 

can be represented in the form 

F q =f i + r 2 f 2 (15.90) 

where f^ and fg are harmonic functions. Any harmonic function f, 

finite inside a given circle of radius r » 1, can be presented in the 
form of the series. 

— 

f « 7/ ? n (8n cos n<p + !>„ sin ncp) 
n=0 




(15.91) 
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Hence, the solution of the homogeneous biharmonic equation (15.89) can 
he presented (in finite functions) in the form 


r - [r n (a n cos ncp + b n sin off) + r n+ ^(a]_ n cos ncp + b^ sin nep)H 
rt=0 

(15.92) 


Further, we note that 
AA(r a ) 
AA(r a cos ncp) 
AA(r a sin ncp) 


a^(a - 2) 2 r a ~ 4 
(a 2 - n 2 ) [(a - 2) 2 

( a 2 _ n2) [( a _2)2 




n 2 ] r a-4 cog 
n 2] r a.-4 B i n 


ncp S 
ncp 

J 


(15.93) 


The solution of the .nonhomogeneous equation (15.88) is the sum of the 
solutions of the homogeneous equation (15.89) and a particular solution 
of the nonhomogeneous equation (15.88), where the sum must satisfy the 
boundary conditions. The requirement 'J'(R) = 0 (eq. (15.83)) was intro- 
duced to simplify these boundary conditions. 


Applying these considerations to the harmonic equation for the non- 
dimensional temperature d, we arrive at the same conclusions, except 
that in place of equation (15.93) the expressions obtained are more 
simple: - . 


A(r a ) = a 2 r a ~2 




A(r a cos ncp) = (a 2 - n 2 )r a-2 
A(r a sin ncp) = (a a - n^)r a “2 


cos ncp 
sin hep 


(15.94) 


In order to satisfy the boundary conditions of equations (15.81) and 
(15.82), we set 


*i 0) = ^ r cos cp + ^ r sin cp 




oo 

= / ) r -m (c m cos mo + ^ sin mip) 




Iftal 
H — 1 j 2 , 3 y 


(15.95) 


We shall use 

where 


these preliminary computations for 


GrL- ■ E 

A- Aq 



the particular case 


(15.96) 
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that is, where the heating proceeds only laterally and the vertical com- 
ponent of the temperature gradient is zero at infinity. The substitu- 
tions and computations give the following results: 


Zeroth approximation: 

F^^ = 0; v£o) = v^®} = 0 

e <°> = w°> . 2 ^ 7 1 

1 + *; 



(15.97) 


First approximation: 
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Second approximation : 

f ( 2) = Mr 2 (-11 + 24r 2 - 15r 4 + 2r 6 ) sin 2<P 

v (2) = * 2Mr(-ll + 24r 2 - 15r 4 + 2 r 6 ) cos 2 <p 
r R 

(2) _ * *8 2Mr(-ll + 48r 2 - 45r 4 + 8 r 6 ) sin 2<p 
m R 4 


<P 


>(15.99) 


©( 2 ) = AR^M-jr^-a! + b -^ 2 - c ^ 4 + d x r 6 - er 8 ) * 

cos cp + r 2 (a 2 - b 2 r 2 + c 2 r ^ “ d 2 r ^ cos 

q( 2 ) = -AR£ 8 M cos cp - ^3 ^ cos 3<p^ 

In formulas (15.99.) the following abbreviated notations are used: 

v = + v£ 2 ) + • • 


5 vl 1 ^ + vi 2 ^ + • • • 


(15.100) 


'<p =• v (p 


± = 184 320 
M 


(' + 1)‘ 


101 + 426 + 153 


a l = 


&)' 


109 + 229 — 


•i = 






-i c x 


= 4 x 


11 + 16 ^ 
^e 

W)' 


ii 5 + 6 ^ 

> a 2 = 


35 11 

d-i — — ~ r“T"> e ~~ / W* ^ / \ \2 

i 1 * r) 4 (" + r) s ( x + \) 


b 2 = x’ c 2 ~ 
1 + TT 


3 , 1 

:i d 2 = 




X 


16 - 27 v- 


*3 ‘ 

e 


( i+ t) 


e , X 1 

s* b 3 - — X 
e 


( i+ t) 


(15.101) 
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Similarly , the third approximation, -which will have a ©till more com- 
plicated form, may he computed. 

Judging from the physical side of the convection process described 
by these equations, a value of the parameter of the system (15.86), 

for which it would not have a finite solution, does not exist. There- 
fore, in analogy with the case of heat transfer, through layers. It must 
be assumed that no restriction on are imposed within. the limits of 

the parametric linearization. The power series (15.87) converge cer- 
tainly only for the values < 1. Hence, for' ^ 1, these solutions 
may give divergent series. However, from the example computed previously 
up to the second approximation, the practical convergence of the series 
(15.87) is very strong. Apparently, the limits of applicability of the 
solutions In the form of the series (15.87) may thus be reliably decided 
only by experiment. 

The obtained solution, permits the following physical interpretation. 
In the zeroth approximation no motion of the fluid is allowed (i.e., 
there Is no convection) . The fluid filling the channel behaves ther- 
mally as a solid body, with a different heat conductivity from that of 
the surrounding mass (typical problem of the theory of the potential) . 

As a result of the temperature distribution, which corresponds to 
the zeroth approximation, a very simple form of the convection currents 
arises in the first approximation; namely, the circular form (eq. 

(15.98)). The fluid rises along the hot wall and descends '"along the 
cold wall. The streamlines are closed circles. ~ The radial component of 
the velocity is zero. In the central part of the channel the fluid ro- 
tates almost like a solid body. : In connection with this motion a verti- 
cal temperature gradient arises In the channel and In the channel neigh- 
borhood (through sin o) , the gravitational- thermal effect (ch, 16, 
sec. l) . 

As a result of the additional change in temperature, which is de- 
scribed by the first approximation, a radial- component of the velocity 
arises in the second approximation (eq. (15.99)), and the temperature 
field becomes more * complicated. A dependence on three times the polar 
angle <p occurs. Because M is very small, of ibhe order of 10"^, the 
radial velocities attain the same order as the velocities of the circular 
motion of the first approximation for the values 

£ 4 a Gr x Pr * 2xl0 5 “ (15.102) 

If the channel radius is taken as: the determining dimension, However, 
if the diameter 2R is taken as the determining dimension, ;as is done 
in engineering computations, the "engineering" value of the^criterion 
will be 

GrPr * 3 . 2x10 6 


(15.103) 
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This number is close in value to that which corresponds to the break in 
the curves of the heat transfer through liquid films (fig. 25 , curve 
III). This fact justifies the application on only two terms of the 
series, which thus evidently actually converge rapidly. Hence, It is 
necessary to assume that the accuracy assured by the second approximation 

within the range 0 ^ ^ 10 3 is very high. 

For comparison with experiment, figure 50 shows the isolines of 
equal gradient computed by the preceding formulas. Qualitatively, these 
isolines correspond satisfactorily to the photographically obtained 
lines shown in figure 45A. However, fuller correspondence is obtained 
with figure 45B. This photograph shows the isolines which are observed 
in the same optical model if the heater and cooler are not placed to the 
right or to the left, as corresponds to figure 45A, but are placed at an 
angle of 45° to the vertical, as indicated on figure 45B. The reason 
for the better correspondence may be seen from the following considera- 
tions. Because of the limited linear dimensions of the model (which are 
only three times greater than the cavity dimension) under the conditions 
of figure 45A, the vertical temperature gradient (hotter upward) is not 
proportionally large by comparison with the theoretical case of infinite 
surrounding mass. Under the conditions of figure 45B this vertical gra- 
dient is somewhat concealed by the oblique displacement of the heater 
and of the cooler. Hence, the actual conditions approach those which 
correspond to the theory ( horizontal gradient in an infinite surrounding 
mass). ■ — 

The deviation of the theory from experiment must further be ascribed 
to the random value of the parameter and to the random ratio of the 

heat conductivities assumed in the computation (X/\ e = 0.0083). 

The further working of this example also gives the hope of investi- 
gating the convection in an inclined channel, perpendicular to the hori- 
zontal component of the temperature gradient. The results of the com- 
putations must be compared with the results corresponding to the same 
effective direction of the gradient, the same ratio of heat conductiv- 
ities, and the same value of the parameter as those assumed in the 

computations. ■ ~ - -- 


7. Convection in Spherical Cavity 1 ^ 

In an infinite solid medium with coefficient of heat conductivity 
X e , let there be a spherical cavity of radius E filled with an incom- 
pressible (but thermally deformable) fluid with heat conductivity X, 
heat capacity c, and coefficient of dynamic viscosity p, all independent 


14 

The present section is compiled from data obtained by E. Drakhlin. 
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of the temperature. Let the temperature gradient A of the medium at 
infinity be given ae constant in space, and time. We shall find the tem- 
perature distribution in the fluid ' 0(x,y, z) and in the solid medium 
0 e (x,y, z), and the velocity distribution in the fluid v(x,y,z). The 
origin of the Cartesian coordinates x,y, z will be taken at the center 
of the sphere. 


We introduce the following notations. Let 0 q be the volumetric 

mean value of the temperature; Pq = Po^C^ density in equilib- 

rium, p = p ! -Pq; Pq = Pq(0q) ^ e P ressure in equilibrium, p 1 s p-pQ,* let 

p 1 « Pq. We shall restrict ourselves to the first approximation for 
the temperature and the second approximation for the velocity: 


6' 

e 


= e - e 0 = 0'(°) + e'U) 

0 - - 0 = 0 '(°) + 0 ’^ 1 ^ 
e o e e 

v = v^ 1 ) + z (2) 

V^°) = 0 






(15.104) 


In the zeroth approximation the fluid is assumed to be stationary. 


The boundary conditions have the following form: 


v(R) = 0 
0(R) = 0 e (R) 


r=R 


(15.105) 


where r denotes the radius vector, r^ = + z^. Considering the 

conditions of symmetry, we assume that the streamlines lie in planes 
parallel to the plane determined by the directions g and A. We. 
choose this plane as the xy- plane and the direction of g as the direc- 
tion of the y-axis. 


We introduce the stream function 



fm Y d) + t (2) J 


(15.106) 
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Eliminating the pressure (eq. (15.75)), we obtain the following equations 


Z?AY 


1 5 5 y \ bf f S 3 Y £f\ gP 

" v l^W 2 a y ay 3 ; " ^y\d x a y 2 a^yj v 


x S0t 
x 


(15.107) 


xA0 ’ = v x + v y x ■ 5 ^ (15.108) 

where the symbol A* denotes the Laplacian in the coordinates x and 

y: 

a *.£. + £_ 

<bx 2 a y 2 

In the zeroth approximation for the stationary fluid. 


A 0*C°) = 0 


(15.109) 


We solve this equation with the corresponding equation of the external 
problem 



(15.110) 


and with account taken of the boundary conditions (eq. (15.105)). We 
obtain the result from the theory of the potential (potential of a di- 
electric sphere in a homogeneous field) : 

3\ 

e ' \ [a x* + (15 • m) 

(n\ r X e ■ x R 3 "1 

°P 0) = [ _1 4- ~ 2i e X ^ + 1 ] x ^ x + V3 (15.112) 

where ^ and Ay denote the corresponding components of the tempera- 
ture gradient vector at infinity A. 

In the first approximation, equations (15.107) and (15.108) give 

Z^AY^ = & x — - (15.113) 

xAe't 1 ) = v^ 1 ) x x (15.114) 

It is necessary here to make a small mathematical digression. Sup- 
pose we have the equation A*AY * Q, where Y(x,y, z) is an unknown 
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function and Q is a known polynomial of degree N relative to x,y, z, 
and let it be required to find bj/bx and bfy/by for the boundary 
conditions 


(sL r * (^)„ E - 0 - (15 - 115) 


We set 


Zx = 


. & . y e- 

« |I „ 5 s b x ±2 

s &o n 


± (n) ,(n) Jn) 

il y Al z vV 


(“) l n ) k ( n ) 

y J 2 z k 2 


*>[<»'->] 
[(!)“ - >1 


(15.116) 

(15.117) 


where i^ 11 ), ^2^’ m are natural numbers, 

running independently of each other through the values 0, I, 2, . . . , 
and N+3. The number s is determined by the' condition that on the 
right sides of equations (15.116) and (15.117) all the components of the 
preceding form, for which the sum of the powers of x,y, z, “and r con- 
stitutes a series of natural numbers between the limits 2 sihd N+3, must 
be present. It may be shown that the expressions (15.116) and (15.117) 
solve the proposed problem, if the coefficients and b n are found. 

For this purpose it is first necessary to use the equation A*AY = Q 
and, secondly, the mixed derivatives of Y expressed in tejms of 
with the aid of equation (l5.ilB) and in terms of b n with the aid of 
equation (15.117) must agree. 


Applying the previously described mathematical device, we solve 
equation (15.113), and find the components of the velocity (eq. (15.106)) 
to the first approximation. The computations give 



3 SP A x r4 
20 * v 2 



X+ 2X e 


(R 2 - 



(15.118) 


,(1> = . 


5_ 

20 


gPA^ 


vx 

x ^ x 


^e 

X + 2X, 


-(R 2 - 


X 


- y 2 - 


(15.119) 


It may be verified that in this approximation the streamlines are 
circles, parallel to the xy- plane/ ~ 


To find the temperature distribution in the first approximation, 
ve solve equation (15*114) with the corresponding equation (15.110) of 
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the external problem for the boundary conditions of equation (15.105). 

As a result, we obtain ■ 

= a^(z^x + x^ + y^x + 2z2x3 + 2z2xy2 + 2x3y2) + 

a£(z^x + x? + xy^) + ajx + 

a 4. ( z 4 y + x^=y + y5 + 2z2x2y + 2z2y3 + 2x2y3) + 
a 5 (z 2 y + x 2 y + y3) + a c y 

(15.120) 


where 


a l = 


560 


fig x f X e V 
vx V X + 2X eJ 


Ax^y 


“2 a - 255 * * (x +\ e ) A ^y 


2800 


(X + 2 Xj 3 


x"y 


= _ _g_ x gg x ( .. >. _V a2 

= 560 x vx x y\ + 2X e> / "”x 

(x + a e ) 


9 g8R & 
x — — x 


a 4 

a 5 " 200 VX 
9 

a 6 = 2800 X vx X 


A i 


gp ^ (17X + lQXe)! 2 >2 


(X + 2 X e )‘ 


(1) _ 




4 




= 350 


x — x 


X (X + 2 X e )' 5 


AyX — A^y 


( 15 . 121 ) 


( 15 . 122 ) 


The finding of the temperatures and velocities in the second approx- 
imation requires very laborious computations. The velocity components 
in the second approximation are polynomials of the seventh degree in the 
coordinates x,y, z. TO obtain the coefficients in these polynomials it 
was necessary to solve a system of 44 linear algebraic equations. 
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The final expressions for the velocities in the second approximations 
have the following form: 

, . ^i 

v^. 2 ' = -^(pqz 4 + P2 x4 + Ps^ 4 + P4 z2 x 2 + P5 z2 y 2 + 
p g x 2 y2 + p ? z2 + Pq x 2 + p g y2 + p 1Q ) * 

(x 2 + y 2 + z 2 - l)x + ^(q-^z 4 +• q 2 x4 + q 3 y4 + 

q^z 2 x 2 + q 5 z 2 y2 + q g x 2 y2 + q 7 z 2 + q QX 2 + 

q 9 y 2 + qi 0 )( x2 + y 2 + z 2 i)y 


v£ 2 > = jJ(r lZ 4 + rgx 4 + rgy 4 + r^z 2 x 2 + rgz 2 y2 +. 


>(15.123) 


k 2 

? 6 


r g x 2 y 2 + r ? z 2 + r Q x 2 + r g y 2 + r 1Q ) x 


(x 2 + y 2 + z 2 - l)x + r-— (s^z 4 +-S 2 X 4 + s^y^ + 


S 4 Z 2 X 2 + SgZ 2 y 2 + SgZ 2 ^ + SyZ 2 + SgX 2 + 

s 9 y 2 + s io)( x2 + y 2 + z2 - l)y 
where there has been set 


J 


R =*■ 1 

kq = 2 6 X 3 3 x 5 
kg=3x4x5x 



, 9 /gpA y E 4> \ 2 

Z 2 53 20^ v 2 J 


x 7 x 11 x 13 = 8,648,640 


7 x 13 x 4919 = 26,857,740 



v2 f \ 2 A x 

r8x + 2lJ A 


> (15.124) 
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H 

co 

OJ 

■<* 


and p^, q^ r^_, and s i (i = 1,2,. 

whose values are given in table IX. 
given by 

179,390 

<110 - 3 

237,439 

r io = 1 — 


. .,10) represent constant numbers 
The values of q-^Q and r^Q are 

17X + 18X e 
2800 (X + 2X e ) k 2 

17X + 18X e 
+ 2800 (X + 2X e ) k 2 



As an illustration of these very complicated results let us con- 
sider as an example the case of heating from the side (Ay = 0) , where 
for simplicity of computation we put (see eq. (15.121)) 

GrPr = 560 
X = X 

Prom equation (15.121) we obtain 

= ag = 0 

®3 = ~ a 4 = Ajc 

a 6 ~ 3" Ax 

The further computations shov that in this case the distribution of 
the velocities (i splines of the velocities) in any plane passing through 
the z-axis (meridional plane) very strongly recalls the situation con- 
sidered previously (fig. 6). The maximal value of the tangential veloc- 
ity component is found to be at approximately 0.6 of the sphere radius , 
and is approximately equal to 10.6 x/R for a value of GrPr of 560. 
Hovever, in the second approximation the streamlines are not obtained as 
circles but have an oval shape extended in the direction of the axis 
y = x, and are compressed in the direction of the axis y » -x. On the 
axes x and y the maximal value of the radial component is obtained 
for the assumed value GrPr = 560 on half the sphere radius , and is 
equal to +1.4 x/R. 


} 


'N 




(15.126) 


(15.127) 


The convective process in the cavity produces, in tbe surrounding 
mass (within the limits of the first approximation), both the horizontal 
temperature gradient acting from without and the vertical gradient (eq. 
(15.122)): 

yjR^A^ 


4 1 ) = . 


350 


agKi 

vx 




(X 


+ 2X e ) 2 


(15.128) 
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A spherical cavity resembles a vertical thermal dipole whose in- 
tensity is proportional to the Square of the external gradient A x and 
to the seventh power of the radius of the sphere R. This, expresses the 
gravitational- thermal effect of . convection (formula (15.98)). 

If followed in detail, it may be established that the entire course 
of the computations previously §iven represents a nonexplicitly carried 
out method of successive approximations based on the expansion of the 
solutions in powers of the Grashof number: 

Gr - (15.129) 

This fact appears in the structure of formulas (15.118) and (15.124). 

The preceding example shows that the practical computation neces- 
sarily leads to such a series. Therefore, it is very convenient to give 
this series in explicit form at the very start of the computations, 
taking Gr as the small parameter of nonlinearity. 
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CHAPTER 16 

EXPERIMENTAL INVESTIGATION C8T THERMAL CONVECTION 
IN CAVITIES QF SPECIAL FCKM 


1. Statement of Problem. 

A good discussion of the thermal convective phenomena in an infinite 
horizontal, slit between two solid planes is found in the literature (the 
cells of Benard, ref. 1, ch. 12). The main purpose of the present book, 
is to investigate the opposite case, thermal convection in a vertical 
channel. It is natural to connect these extreme cases with the inter- 
mediate cases not only theoretically (ch. 15, secs. 6 and 7) but also 
experimentally, namely, the thermal convection in a hollow sphere and in 
a horizontal channel of circular section. 

Both the previously discussed cases have great practical signifi- 
cance. First, such cavities axe often contained in the composition of 
many heat insulating materials, either accidentally or by design. If 
convection arises in the liquid or in the gas filling these cavities, 
the effective heat conductivity of such insulating impregnation may be 
found to be much greater than that found from the magnitude of the molec- 
ular heat conductivity of the liquid or gas. Although the effective heat 
conductivity of the air inclusions is determined in structural practice 
the question must not be considered as exhaustively solved, and it is 
necessary to determine more accurately the part played by convection in 
this problem. 

Secondly, the convective heat transfer in such cavities possesses a 
characteristic feature that requires detailed study j namely, that convec- 
tion is characterized by the rising of the warm fluid particles vhile the 
cold particles descend. Hence, as a result of convection an additional 
vertical temperature gradient necessarily arises} that is, the fluid is 
warmer toward the top (formulas (15.98) and (15.128)). This additional 
convective gradient distorts the initial thermal field in the solid sur- 
rounding mass that contains the cavities. A specific gravitational- 
thermal effect arises (recalling the well-known galvano-magnetic Ha3.1 
effect ) . The passage of the heat flow through the porous body in a 
horizontal direction is accompanied by additional heat of its upper part 
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and additional cooling of its lower part. The heat-flow vector ceases to 
be collinear with the temperature -gradient vector, a vertical deviation 
arising between them. Hence, the concept "effective thermal conductivity 
of a porous mass" loses its sense as a scalar and acquires that of a 
tensor whose components are connected with the gravity acceleration 
vector . 

This circumstance is generally ignored in practice although its cor- 
rect acknowledgment may result in the saving of many megacalories of heat 
for the country. In the following paragraphs only initial experimental 
studies, which have been conducted in this direction, are described. 


2. Convection in Spherical Cavity^ 

A divided model was constructed from a piece of Plexiglas of dimen- 
sions 47 by 47 by 62 millimeters, shown in section in figure 51. Both 
halves of the model were placed with their ground faces against each 
other and were hermetically compressed. Channels of about 1-millimeter 
diameter were drilled in the interior of the model. The double-insulated 
wires of thermocouples of copper-ccnstantan of approximately 0.2- 
millimeter diameter were inserted in these channels in a manner such 
that the theroccouple junctions were located about 1 millimeter inside 
the spherical cavity. The channels with the thermocouple wires were 
closed with wax. The cavity was filled with distilled water through the 
channel K, of diameter of about 3 millimeters. The model was placed in 
the heater coil it and was covered with cooler X (a brass vessel con- 
taining ice and water) . 

In correspondence with the scheme of figure 52, 18 thermcouple 
Junctions were arranged along the inside surface of the sphere. Their 
coordinates, expressed in geographical language, are given in table X. 
Further, thermocouples were located at the points A and B, immediately 
on the heater under the cooler. 

The results of the measurements are presented _in table XI and in 
the composite figure 53 corresponding to the eight different heating 
power inputs. On each individual graph of this chart the temperature 
is given as a function of the "longitude" of the corresponding thermo- 
couple. The lines correspond to the same "latitude 11 ! line 1 corres- 
ponds to the upper pole, line 18 corresponds to the lower pole, the 
center line to the equator, and so forth. The lines A and B correspond 
to the temperatures of the upper and lower faces of the model, respec- 
tively. An analogous temperature distribution was also obtained by 
another method of measuring the temperature (an electrical method, see 
ch. 19, sec. l). 

•^This section has been compiled from data obtained by N. A. Pleshkov. 


4281 



CA-21 back 


NACA TM 1407 


163 


The composite figure shows that the mean temperature of the equator 
is not equal to the mean of the temperatures of the poles . The temper- 
. ature of the equator is above the mean when it is below 20° C, room tem- 

perature, and is below the mean when it is above the room temperature. 

The temperature of the equator is higher than the average of the 
polar temperatures when the fluid in convective motion rises at the walls 
and descends along the vertical axis of the model. This phenomenon is 
favored by the low mean temper ature of the entire model as compared with 
co the room temperature; the model being heated not only by the heater but 

also through the side walls of the room. When the mean temperature of 
the model is higher than the room temperature the reverse phenomenon is 
obtained . 

The composite figure also shows that on the mean temperature of each 
circle of latitude there are superposed waves, predominantly with a period 
of one rotation about the vertical diameter of the sphere (for large heat- 
ing powers a half rotation) . It is possible that these waves also arise 
as a result of the effect of the surrounding circumstances (windows, heat- 
ing apparatus), since the tests were conducted in the winter and the model 
was not heat -insulated. 

From these considerations the following preliminary conclusions may 
be drawn: 

(a) Thermal convection in these tests took place and transferred 
further q uant ities of heat upward, in addition to the heat transferred 
by the molecular conductivity. Thus, the effective thermal conductivity 
of the fluid medium was greater than the molecular thermal conductivity 
of the fluid medium. 

(b) The form of the convective flow was greatly subject to extraneous 
temperature effects, which must very carefully be eliminated in adjusting 
the more accurate measurements . 

A noted example of thermal convection in a spherical cavity of large 
dimensions (aerostat heated by the sun) was investigated by E. V. 
Kudryavtsev (ref. l) . 


3. Convection in Cylindrical Cavity with Horizontal Axis 

Figures 44 and 45 show photographs of certain cases obtained on a 
model similar to that of figure 47. A sketch of the model is "shown in 
figure 54. A rectangular block of a lead alloy of small heat conductiv- 
ity (babbitt) was clamped through asbestos strips, between two Textolite 
disks. A cylindrical opening, stopped by two positive optical lenses, 
was drilled in the block. The obtained cavity made contact with the 
outer space by a through channel, by which the cavity was filled with 
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glycerine. The channel was then covered with stoppers on both sides. 
Tabular channels were drilled along the opposite sides of the block. The 
porcelain tubes of an electric heater coil and the connecting piece of 
the water cooling pipes, respectively, were inserted into the channels. 
The Nichrome spiral of the heater was inserted inside the opening of the 
porcelain tube. With the aid of the combination of the electric heater 
and the water cooler it was possible to produce the conditions of an 
approximately homogeneous thermal field perpendicular to the horizontal 
axis of the model in the block. 

By mounting the model on the two horizontal bars of an optical bench 
it was possible to assign the temperature gradient in the block any ori- 
entation relative to the vertical (the heater was placed below, on the 
side, or above, at any angle) . The angles were read by means of a small 
plumb line, sliding in front of the graduated circle attached to the 
Textolite disk. 

The observations of the convective phenomena in this model both by 
means of suspended light-scattering particles, and by means of the opti- 
cal lattice method, showed that two types of motion are typical; namely, 
circular and vertical-diametral. 

The circular motion is obtained with •the heater and cooler placed at 
the two sides of the model cavity. In this motion the fluid rises along 
the warm wall and descends along the cool wall. In this way_the stream- 
lines resemble almost true circles. 

The vert ical-diametral motion is obtained with the heater coil 
placed below and the cooler above . ' In this motion the fluid rises in 
the vertical-diametral plane and descends at the sides along the cylin- 
drical walls. However, the reverse phenomenon is also possible. (See 
discussion of results in the preceding section.) 

Both these types of motion are sufficiently stable and for the in- 
clined positions of the model may evidently exist together. With any of 
these motions the presence of considerable vertical temperature gradients 
is clearly noted. It is thus clearly seen that the part played by the 
fluid in the cavity of the model is equivalent to the part played by a 
vertical ther mal dipole, or more accurately, by a continuous chain of 
such dipoles placed along the horizontal axis of the model. 


4. Concluding Remarks 

The previously described preliminary experiments and their results 
do not as yet give a complete answer to the question discussed at the 
beginning of the chapter. Their main significance lies in the fact that 
they outline the whole experimental difficulty of the problems . In 
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particular, ccmbined methods must be employed . For example, the optical 
method of observation must be combined with the method of temperature 
recording, and so forth. It is likewise necessary to very carefully ex- 
clude external influences that are unaccounted for, to take naneliminable 
effects into account, and so forth. A development of suitable appliances 
and equipment for the tests is thus required. 
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CHAPTER 17 

THERMAL CONVECTION IN INCLINED MODEL OP 
CIRCULAR CROSS SECTION 16 


1. Description of Experimental. Setup 

For the experimental investigation of thermal convection in a closed 
circular model heated at one end and inclined at various angles to the 
vertical, models of the same type as those described in chapter 9 (sec. 
l) were used. 

At its center the modeil was attached to the horizontal ax:is of a 
special stand j and, with the aid of a clock mechanism, it rotated approx- 
imately once each day. In this manner the axis of the channel very 
smoothly assumed various angles with the vertical, starting from zero 
(heater on bottom) through jc (heater on top) up to 2it (heater again on 
bottom) . The temperatures were read by means of automatic devices as 
described in chapter 9, section 3. The usual apparatus was used as a 
photographic recording device, the recordings of which have been pre- 
sented previously in various sections (Cartesian recording). 


2. Laminar Regime 

An extract from the photographic record (fig. XXI ) may serve as an 
example. The recording was conducted for five days, with no essential 
differences observed in the recording of some days from that of others . 
The temperature of the aluminum jacket of the model was taken as the zero 
temperature . The five averaging thermocouples nearest to the heater coil 
were arranged 1 centimeter from each other, and the remaining ones 3 cen- 
timeters from each other. 

When the heater was located at the top, the temperature along the 
model varied according to the exponential law, the temperatures of the 
parts nearer the heater (upper curves) being considerably higher than the 
others . The temperatures of the parts same distance from the heater 
were almost equal to the temperature of .the jacket. The instant when 
the model occupied a strictly vertical position with the heater on top 
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’This chapter was compiled from data obtained by V. A. Tetuyev. 
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was distinguished by a natural sign; the air enclosed in the part of the 
cold reservoir at the end of the model opposite to the heater entered 
the channel of the model in a floating bubble and partially displaced 
the water there. When this occurred the temperature of all the thermo- 
couples rose with a sharp jump. The greater the temperature gradient at 
the location of the given thermocouple, the greater was the magnitude of 
the jump . The reverse floating of the air bubble from the interior of 
the model occurred at the instant when the channel of the model occupied 
a horizontal position. The corresponding instant was marked on the 
photo record by a small reverse jump, the cooler fluid moving toward the 
heater. 

When the heater is placed below, laminar convection takes place in 
the model. The column of fluid has a greater effective thermal conduc- 
tivity; the curves are situated at a lmo st equal distances from each other, 
the temperature gradient along the column being the same . This gradient 
depends on the angle between the axis of the channel and the vertical; 
in general, the smaller this angle the smaller the gradient. However, 
at the instant of strictly vertical position of the tube the temperature 
gradient in the region near the heater possesses a singular, sharp max- 
imum. This maximum becomes Inappreciable only at a distance from, the 
heater approximately equal to 17 channel diameters. 

The photo recording apparatus was later perfected. An a lumi n um disk 
was attached on the same horizontal axis about which the model rotated. 
Pieces of two-sided (nonwarping) photo films were attached to this disk 
by simple clips. The galvanometer was arranged in such manner that its 
point moved along the horizontal radius of the disk. In this manner the 
photo records were obtained in the form of polar diagrams on which the 
angles were equal to the angles between the axis of the channel and the 
vertical. 

The following figures show examples of the photo records obtained 
with this apparatus. Figure XXII corresponds to a somewhat larger heat- 
ing power than figure XXIII. These polar records permit the same inter- 
pretation as the Cartesian records of figure XXI. 

The small air bubble of these records was carefully removed and the 
heat expansion of the water was absorbed by an elastic compensator (a 
piece of rubber tube with a Mohr pinch cock) . The zero point on the 
photo records was taken as the temperature of the hottest thermocouple. 

The peripheral curve refers to the temperature of the aluminum jacket of 
the model. Figure XXIXX notes the end of the nonstationary process 
marked by the starting of the model in motion from, the position of "heater 
above." Figure XXIV shows a double print of the two last photographs. 

Both photographs coincide with each other in the convective part. 



168 


NACA TM 1407 


3. Generalization of Experimental Results 

The attempts to evaluate the obtained curves led to the following 
conclus ion . In general, in each position of- the model the temperature 
distribution along the model corresponds to figure 28j the linear law of 
temperature distribution coincides (without jump or break) with the ex- 
ponential law. The first is characteristic for convective regimes and 
for the parts of the model nearest to the heater. The second is charac- 
teristic for the molecular heat conduction and is observed in the verti- 
cal model far from the heater. The observed small deviations of the 
records from symmetry and from the coincidence mentioned are readily ex- 
plained by the unsteady regimes. The velocity of rotation may be reduced, 
and the records will then be more symmetrical and the coincidence with 
the previously mentioned schematic figures will- increase . 

However, in this general coincidence there are also essential devi- 
ations. In the first place, the characteristic convective gradient de- 
pends an the angle as an even function (increases with increasing angle). 
Secondly, the exponent likewise depends on the angle as though the thermal 
conductivity of the fluid changed with increase of the angle and as sinned 
an extreme (molecular) value for an angle equal to it (heater an top) . 

The preliminary interpretation of the first of these facts leads to 
the following considerations. If in the "fundamental" equations of 
chapter 3 it is assumed that the force of gravity acts along the vertical 
of the model, then it is natural to assume that for the inclined model 
only the axial component of the gravitational force will act 'upon the 
model. Hence in formula (3.7) it is necessary only to replace the mag- 
nitude g by g cos aj that is, to retain cos a in formula (3.1). The 
comparison of this hypothesis with the results of the measurements on the 
photographs showed that this hypothesis is satisfactorily justified with- 
in the interval of almost from zero to angle of 45° with the vertical. 

Near zero the agreement is disturbed by the previously mentioned small 
sharp maximum. Far angles greater than 45° it appears that the gravita- 
tional acceleration is to be multiplied not by cos a but . by a larger 
magnitude that Is nearer unity than cos <x. The comparison of this fact 
with the material presented in chapter 11 leads to the preliminary con- 
clusion that the higher the heat insulation of the model the wider the 
applicability of the "cosine law." 

In fact, the heat losses of the convective flow in the thermal con- 
ductivity of the walls require the disruption of the antisymmetry of the 
flow and in the former plane of antisymmetry also require the origination 
of an additional ascending flow along the axis, and of a descending flow 
at the wall (see ch. 16, sec. 2). It must be assumed that in an inclined 
model the projections of the streamlines and the provisional "surface of 
antisymmetry" take the form represented in figure 55. In this way the 
velocity component normal to the axis of the model gives so considerable 
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a value that the linear treatment does not lead to a satisfactory des- 
cription of the actual state of affairs. 

A preliminary interpretation of the second of the ah ovement ioned 
facts (i.e . , the change of "the apparent molecular thermal conductivity 
in an inclined model) is as yet difficult to give. Particularly strange 
is the fact that the apparent conductivity of the almost horizontal model, 
•when it must "be assumed -that there is convection in it, is less than in 
the vertical model with "heater above," when convection can hardly occur 
in it. This fact is reflected in the last figures, in that they have a 
greater extension in width than in height, the temperature of the hottest 
thermocouple relative to the jacket being higher for the almost horizon- 
tal than for the vertical model for the same heating power input. 


4. Above-Critical Regime 

At an increased heating power for the almost vertical, model (near 
zero angle of inclination, heater below) the above-critical regime of the 
heat convection occurs. In figure XXVA and B are shown the polar photo- 
graphs corresponding to a considerable heating power of °0 . 60 calorie per 
second and to a large sensitivity of the galvanometer (l° C corresponding 
to 6.25 mm) . The zero point is taken as the temperature of the upper 
averaging thermocouple, the farthest removed from, the heater, represented 
on the photographs by a true arc of a circle. The relative temperature 
of the jacket is recorded below this arc. The photographs show how the 
regime of the convection, maintained laminar by the inclination of the 
model at large angles of inclination, is sharply changed into the above- 
critical regime for small angles. The smooth equidistant curves are 
sharply replaced by diffuse bands that reflect both the lowering of the 
effective thermal conductivity of the fluid and the instability of the 
process . 

On figure XXVTA and B are shown the polar photo records correspond- 
ing to a large heating power and to so small a galvanometer sensitivity 
(l° C corresponding to 0.66 mm) that the four curves of the preceding 
record in the laminar regime almost indistinguishably coalesce into one . 
This coalescence is aided by the increase in the convection parameter of 
water gp/vx due to the increased mean temperature of the fluid in the 
model for this raised power (see ch. 8) . On the last photograph below 
the zero line (the arc of the circle) the temperature of the aluminum 
jacket of the model is again recorded} and still further below, the tem- 
perature of the Dewar flask, the datum mark of the temperature. The in- 
creased heating power led to increased difficulty of laminar izat ion in a 
wider angle than before (34° to 35° of arc on fig. XXVIA and B as com- 
pared with 13° to 14° an fig. XXVA and B) . On figure XXVII, because of 
the increased sensitivity, it is possible to distinguish the detailed 
character of the instability at the above-critical regime. 
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From a comparison of the last photographs the following question 
may he asked: Is not the smal l sharp maximum near the zero angle on fig- 

ure XXI an indication of the incipient above-critical regime that clearly 
develops at large powers $ i6 a laminar regime in general possible with a 
strictly vertical model and complete absence of external cross tempera- 
ture gradients? In this connection it is useful to emphasize that the 
tests described in this chapter were conducted in a roan with tempera- 
ture under good themostatic control. 
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CHAPTER 18 


CONCLUSION 

The material presented in this report must in no sense be considered 
as exhausting the problem, of gravitational convection under the conditions 
of the internal problem. On the contrary, the inexhaustibility of any 
branch of science is again emphasized. However, this material may serve 
as a guide for further research in the fields which immediately relate to 
industrial problems as well as to problems of phy s ic o -mathematical 
invest igat ion . 

An orientating list of those preliminary questions which are directly 
suggested by the material presented in this report and the further study 
of which should develop into well-founded technico-scientific investiga- 
tions is as follows: 

1. Investigate from the material in the literature how the ideas of 
Lomonosov on convection have been worked out by Russian and Soviet 
scientists . 

2. Consider and theoretically rework the foundations for the setting 
up of the equations of gravitational convection with a view toward render- 
ing them more accurate and extending the range of their applicability. 

3. Extend the results of this work to convection of a nongravita- 
tional (electrostatic, magnetic, or other) nature. 

4. Investigate the "external problem" of gravitational convection 
as a particular case of the "internal problem." 

5. Extend the investigation to different fluids and work out a meas- 
uring procedure of the convection parameter gp/vx as a chemieo-analytie 
index for fluids. 

6. Investigate convection in gases for the same analytical purposes. 

7 . Investigate the convective phenomena of the preceding type in 
multiple phase systems with stratification near the temperature of mutual 
solution, and make use of the turbidity of the fluid connected with the 
formation of an autonomous phase as a ” thermos c epic” factor. 
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8. Clarify the question as to the setting in of the critical regime 
of gases as sharply as of liquids; and investigate its characteristic 
properties . 

9. Investigate the phenomena in models of noncircular section. 

10. Investigate the phenomena in models of variable section. 

11. Carefully investigate water and other important industrial 
fluids, considering the values of the convection parameter; and issue 
tabulated results. 

12. Compile and publish tables of various cylindrical functions of 
the argument (-/ix) for use in engineering computations of those cases 
of convection where the temperature above is higher than the - temperature 
below (ch. 5; sec. 5). 

13. Investigate the work of exhaust apparatus and flues with natural 
and forced circulation, considering the super-position of free and forced 
convection (ch. 5, sec. 4). 

14 . Extend table 1 to the case where the temperature above is higher 

15. Clarify the question of the heat conductivity of a fluid in end 
phenomena . 

16. Give a greater quant itative clarification of the semi empirical 
relation (ch. 11 ) regarding the velocity of approach flow. 

17. Investigate the "natural" thermal fluctuations in unsteady re- 
gimes applying to industrial needs:. 

18. Investigate the diffusion: (concentration) and thermodiffusive 
convection analogous to the thermal convection investigated in this 
report . 

19. Investigate on models the convection process in the ^cooling of 
castings (hoth its hydrodynamic and thermal aspects). 

20. Experimentally render more accurate the value of the Nusselt 
number and explain how, and on what parameters, it depends. 

21. Analytically investigate the nonlinear above-critical case. 

22 . Experimentally investigate convection in a spherical cavity 
for a horizontal temperature gradient. 
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23. Supplement the theory of convection in a horizontal tube with 
the case of heating from, "below. 

24. Experimentally investigate, in an exhaustive manner, the problem 
of convection in a circular horizontal channel (from the theory of ch. 

15, sec . 6) . 

25. Investigate the problem of convection in an inclined channel for 
any orientation of the temperature gradient. 

26. Investigate the process of the transition or the coexistence of 
convection with axial symmetry and diametral antisymmetry, for heat losses 
at the wall. 

27 . Investigate convection in a cylindrical cavity in regard to the 
parametrical nonlinearity (for narrow capillaries, as, e.g., the pores 
of boiler scale). 

28. Investigate the effect of the fluid-column length on the degree 
of stability of the convective motion in the column (figs. XVII and 
XVIII) . 

29. Investigate the problem of the gravitational- thermal effect, and 
construct the tensor of the effective thermal conductivity of porous ma- 
terials on the basis of the considerations of chapters 5 (table l), 15, 
and 16 . 

30. Investigate the gravitational- thermal and gravitational- 
concentration detector effect j that is, the occurrence of vertical gra- 
dients of temperature or concentration in zones containing liquids or 
gases for periodic changes of temperature or concentration. 
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CHAPTER 19 

SUPPLEMENTARY TOPICS 


— — - I 7 

1. Electrolytical Method of Measuring Temperatures 

Reference 1 shows that the difference of potentials E, observed be- 
tween two like metallic electrodes immersed in a solution of a salt of 
the same metal, is expressed by the formula 

E = (T x In Kq-l - T 2 In I^ 2 ) (l9.l) 

where Kq^, and Kq 2 denote, respectively, the. constant of equilibrium 
at the absolute temperatures T^_ and Tg, Z the valence of the metal 

ions, and R the gas constant. The expression R/F constitutes 198.4 
microvolts per 1° C . 

It may be expected that the expression in parentheses will, in a 
small temperature interval T^_ to T 2 , be proportional to this interval 

E =■= A(T X - T 2 ) (19. 2) 

The value of the factor A was determined experimentally for copper 
electrodes and for solutions of copper sulphate in water. ~ 

The electromotive force was measured between two pieces of enameled 
electrotechnical copper wire of 0.41-millimeter diameter by means of a 
Raps compensator. The bared ends of the wire were wound oh the bulbs of 
two thermometers which were placed in the copper sulphate solution. 

A saturated solution was used for the first test. The chemically 
pure solution of copper sulphate in distilled water was placed in two 
small beakers which were connected by a siphon capillary. The copper 
sulphate crystals were in small excess in both beakers . One of the 
beakers was heated by a heater coil of high-re6istance enamel wire that 
was wound on the glass of the lower part of the beaker. The other beaker 
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was at roam, temperature. The hulls of the thermometers were immersed In 
the beakers, and served simultaneously as agitators. The electrodes were 
held short-circuited throughout and were connected in the compensator only 
for the short intervals of measurement. In the temperature interval of 
10° C (eight readings), the coefficient A in equation (19.2) was constant 
and was equal to 100 microvolts per degree. 


In the other test, which included 34 readings in the interval of 
30° G, the electrodes were either short-circuited or were disconnected 
for considerable intervals . With open electrodes the coefficient A was 
obtained equal to 62 microvolts per degree; far closed electrodes the 
coefficient maintained its previous value of 100 microvolts per degree. 
Since the closing and opening of the electrodes was effected in the course 
of the measurement process, the coefficient A was now defined as 


Ai = 


5e 

3t£ j 


Tg = constant 


(19.3) 


The same experiment for open electrodes, repeated for a 20-percent 
solution of chemically pure copper sulphate gave the value Aj_ = 65.7 

microvolts per degree in the interval of 21.5° C for 25 readings. The 
test, which was conducted very slowly, showed that the figures obtained 
on raising the temperature agreed well with the figures obtained' on low- 
ering the temperature. At the same time it was revealed that an appre- 
ciable electromotive farces (110 microvolts), arising from the noniden- 
tical chemical composition of the electrodes, also existed for T^_ = Tg ■ 


In a 15-percent solution of industrial copper sulphate in distilled 
water, with open electrodes in an interval of 45° C with 13 readings up- 
ward and 6 reading downward and with exposure at a higher temperature , 
it was found that A]_ = 61 microvolts per degree. This test also showed 
that the values of A^ agreed well with each other in the upward and 

downward reading. However, while the temperature was held at the higher 
value a change of the initial electromotive force occurred, from 120 to 
240 microvolts . 


The tests conducted with the saturated solution of the industrial 
strongly cont amin ated copper sulphate, dissolved in piped water in the 
interval of 26° 0 (16 points upward and 18 downward), gave the value 
A]_ = 74 microvolts per degree and also revealed a displacement of the 
initial electromotive force when held at the maximum temperature . 

The internal resistance of the investigated compounds was rather 
large (of the order of 30,000 ohms). Hence, to replace the compensated 
measurements of the electromotive force of such a " thermoelec trolytic 
element" by measurements of the current was not advisable. In fact, for 
the usual (small resistance) galvanometers, these will be measurements 
of the "short-circuit current." The strength of the current is determined 
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not only by the electromotive force of the element but also by its in- 
ternal resistance (including here the polarization effects). The test 
confirmed that the dependence of the galvanometer readings connected 
directly to the element on the temperature difference ismonlinear: On 

Increasing the temperature of one of the electrodes the resistance of 
the compound decreases , and the galvanometer readings increase 
nonproport ionally . 

To verify the suitability of this device for measurements under con- 
ditions of industrial practice, the following test was conducted. A 
glass tube of 2.5-centimeter diameter and of 45-centimeter length was 
filled with sand contaminated with earth dust and was treated at room 
temperature with a saturated solution of industrial coppei* sulphate in 
piped water. At both ends the tube was stopped with corks, in which 
thermometers were inserted. The thermometer bulbs were wound with the 
bared ends of enameled electrotechnical wire of 0. 41-milllmeter diameter, 
forming the electrodes. At one- end the tube was wound with the high- 
resistance enameled wire of an electrical heater. In the Tint erval of 
the temperature differences up to 18° C (nine readings) the measurements 
with the open circuit electrodes gave the value A*j_ = 62 microvolts per 
degree, and in the interval 22° to 40° (six readings) the measurements 
with the closed circuit electrodes gave the value Ap = 80 microvolts per 
degree. A considerable change in the initial electromotive force was 
noted during the assemblage and while the apparatus was held at high 
temperatures . 

These data show that, by taking a number of precautions, the elec- 
trolytic method may be suitable for technical measurements of temper- 
ature difference. The main defect of this method is the change In the 
initial electromotive force in prolonged tests.. - " This change is connected 
with diffusion processes. For water solutions, the diffusion coefficient 
is 100 times less than the temperature -conductivity coefficient. Hence, 
the balancing of the concentrations at the electrodes will, proceed 100 
times more slowly than the balancing of the temperatures, because the 
diffusion can only pass through the fluid while the heat can also pass 
through the wall. The consideration of this fact aids in perfecting 
the measurement procedure. 


2 . Problem of Geothermal Gradient 

Geologists frequently insert thermometers In drilled wells in order 
to measure the temperature of the layers of the earths core. In doing 
so they assume that, in the absence of liquids that enter from without, 
the liquid in the well is at rest and at each depth has the temperature 
of the surrounding stratigraphical layers. However, the temperature is 
higher In the depth of the well than at the ground surface, and condi- 
tions for convective heat transfer may arise. 
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Most geologists are sceptical as to the possibility of thermal coa- 
vection in drilled wells (ref. 2). However, the liquid in the well can 
be at rest only at small temperature gradients . On attaining a charac- 
teristic gradient, the liquid is set in motion and will transfer a very 
large quantity of heat upward. For a well of 12-inch diameter (30 cm) 
filled with fresh water, the characteristic gradient will be 30^ “10® 
less than in our first model (of about 1-cm diam. ) . It is approximately 
A = 10” 7 degree per centimeter, which corresponds to a geothermal gradient 
of the order of 10? centimeters per degree = 10® meters per degree = 100 
kilometers per degree . 

In order to obtain the mean world geothermal gradient of 30 meters 
per degree (i.e., the characteristic gradient A = 3 . 3X10“ 4 deg/cm), it 
is necessary to examine a well of about 4. 2 -centimeter diameter, filled 
with fresh water. 


The geothermal gradient for the characteristic gradient must be 
determined by the formula 


1 _ 

A vx 


X 



(19.4) 


Chapter 8 gives the parameter g£/vx for fresh water and certain other 
liquids (eq, (l9.4)). The tube radius R must be expressed in centi- 
meters; the characteristic number (kR)^ has a value of about 100 (for 
a more accurate value see fig. 4). 

If the heat source below is of sufficient power (i.e., if the thermal 
conductivity of the hot layers at the bottom of. the cavity is sufficiently 
large), an above -critical regime of heat transfer arises. In this regime 
the effective thermal fluid conductivity is much higher than the molecular 
(tabulated) fluid conductivity and may be evaluated approximately by the 
formula (see ch. 10, secs. 3 and 4) 


1500 > L = Nu > 960" (19.5) 

The value of A that enters here for the tabulated thermal conductivity 
of fresh water is, in technical dimensions, approximately equal to 0.5 
kilocalorie/(deg) (m) (hr) . 

Geologists are familiar (ref. 3) with the disturbances of the field 
of the earth T s core that are connected with the dissemination within the 
true stratification of rocks of bodies of some other (mining) varieties 
of different form and composition. A drilled well is a body of this kind 
The effective thermal conductivity of this body may be determined by the 
preceding formulas. Xt is then possible to consider the distortion that 
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it introduces in the temperature: of the surrounding layers^ and the 
errors that these measurements give. 


3. Problems of Natural Ventilation 

Suppose we have a chamber , separated frcau the surrounding air by a 
thick horizontal wall, containing a cylindrical channel . 5he channel 
length is large compared with the diameter; the edges are rgunded. If 
the temperature below the channel is higher than above, the arrangement 
will be favorable for convection. We restrict ourselves for the present 
to a single opening so that the quantity of outside air that enters the 
chamber is equal to the quantity of air flowing out from the same channel 
(conditions of diametral antisymmetry) . 

Favorable conditions of ventilation obtain only for the laminar re- 
gime, when the horizontal components of the velocity of the air in the 
channel are not large. At the above- critical regime the mixing of the 
air in the channel sharply impairs the conditions for ventilation. The 
laminar regime arises only for a characteristic gradient and is observed 
when the channel length 7, the channel radius R, and the difference in 
temperature between the external air and that in the chamber. 
satisfy the condition 

BSiil - . 200 ~ (19.6) 

vx2 


which follows from formula (5.15). This value of 200 corresponds to the 
small thermal conductivity of the air as compared with that of solid 
bodies (fig. 4). For example, "brick masonry has a conductivity 40 times 
as large as air. Substituting the parameters of air for a temperature 
of 20° C, we obtain approximately 


S' -9" 


X R 


(19.7) 


For example, for a wall thickness of l/2 meter and an opening of 2R = 
10-centimeter diameter, the conditions of laminar convection arise for a 
temperature difference 


e r 


Q"* 


2X50 

5 4 



16 C 


(19.8) 


The maximum possible quant ity of heat transferred by theT laminar 
regime corresponds to the critical point, where it is equal to the above- 
critical q uant ity. For the critical point, we thus obtain approximately 


Qi 


** 


‘kp 


Q?^ u kp 


TwR* 


0 ' - 0 " 


Nu 


** 


(19.9) 
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For example, for air 

Q^p * 6X10" 5 Jt | Nu** » 4X10" 4 (19.10) 

Setting Nu** * 10^, we obtain 

Q kp * c&1 / sec (19.11) 

The narrower the channel, the larger the critical quantity of heat trans- 
ferred. For example , for a channel opening of 2R = 10-centimeter diam- 
eter^ the quantity of heat transferred is negligible (about 0.02 cal/sec). 

For shorter channels , most of this quantity of heat passes directly 
with the air. The air passing upward does not have sufficient time to 
lose much heat in the downward counterflow of air through the secondary 
molecular thermal conductivity. Therefore, we can approximately set 

Qjjp = pc(0’ - 0”)V (19.12) 

whence the volume velocity is determined as 

Y - ^ s fe h r ’ T Cl9 - 13) 


For example, for air 


V = 


0.4 


2X10- 


3KLO“ 4 R 2 (0’ - 9") R 2 (0’ - 0”) 


- (19.14) 


If we replace the temperature difference by the characteristic gradient, 
we have 

V * R 2 » 3X10 2 §. cm 3 /Bec (19.15) 

Ct lr Z 


Thus, for the conditions of the existence of the characteristic 
gradient, the volume of air exchanged is proportional to the area of the 
channel cross section S, and is inversely proportional to the channel 
length l ("Ohm’s law"). 

For the preceding example this gives r . . - - 

V * 300 cm 3 /sec - - (19.16) 

If the channel is short of if its edges are sharp, the action of 
the end effects may disturb the assumed laminar regime and impair the 
conditions of ventilation. 
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If the critical gradient is exceeded, the conditions favorable for 
ventilation are so sharply impaired that it is more convenient to divide 
the channel into a number of channels by constructing longitudinal ver- 
tical partitions. In this way it is possible to adjust the opening of 
the channel to the characteristic dimensions for each gradient. At the 
same time the conditions of ventilation may become - more favorable because 
an independent flow of air is established in each small channel lobe. 
Ventilation may then be realized without counterflow in a single channel. 

4. Problem of Velocity of Evaporation^ - ® 

Assume that in a dense homogeneous mass, filling the lower half - 
space, a vertical cylindrical well filled with water is drilled (fig. 56). 
The weak turbulence of the air over this channel maintains a constant 
absolute humidity of C-^ grams per cubic centimeter at the channel 

mouth. Strictly isothermal conditions are assured in the entire setup. 

Since water vapor and air have molecular weights of 18 afcd 29, 
respectively, the drier the air above the well, the lighter the more 
humid air inside the upper part of the well. For definite conditions in 
the upper part of the well, the following gravitational diffusion convec- 
tion may arise: The ligher vapors entering the well from above may rise 

in the drier air. We shall clarify these conditions and establish the ve- 
locity of the process of the drying out of the channel water.. 

The diagram in figure 56 shows the dependence of the mean humi dity 
over a cross section in the well, on the level of the section: 

C = C(z) (19.17) 

Directly above the water level in the well the constant ("100 percent") 
humidity Cq( 0 ) prevails, determined by the temperature of the experi- 
ment. For example, for the temperature 20° C, C Q = 1.73X10" 5 grams per 
cubic centimeter. If the relative humidity above the mouth of the well 
is 60 percent at 20° C, then C x = 1.04X10 -5 gram per cubic centimeter. 

For a barometric pressure of 760 millimeters of mercury and some 
humidity C, the partial pressures of the vapor p_ and of the air p^ 
are equal, respectively, by Clapeyron’s equation 

R 0 T » RtfT 

P= — c > (19.18) 

This section was compiled frcm data obtained by V. B. Shein. 
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P + p„ = 760 = iyt(£ + 

whence 

dC b _ 
dC “ " li 


(19.19) 


(19.20) 


where Rq is the gas constant, T the absolute temperature , and p and 

p-^ the molecular weight of water and air, respectively. The density of 
the mixture of air and vapor is equal to 

p = C + C b (19.21) 

Therefore, the concentration density coefficient (foimula (2.7)) is 


Pl“ 


1 

P 


1 

P 



(19.22) 


By analogy with equation (5.15) and from figure 4 we find for the 
dense walls of the well, impenetrable both for air and water, the value 
of the convection parameter (Z-axis directed downward ) 


4 _ s^i 1 * 4 ac 

■ " XD dz 


67.4 


(19.25) 


Therefore, the critical value of the cross-sectional mean of the vertical 
concentration gradient is 


dC 

dz 


67.4 X 


vD 

g(-Pl)H 4 


67.4 X !BX10-!y-.25>a.5XL0-3 = 5.07XXQ- 6 (19 , 84) 

1.3XL0“ 3 X981X0.61XEr R 4 


where there has been set for air: D = 0.25-square centimeter per second, 

= 0.0013 gram per cubic centimeter, and tj = 18XL0” 5 gram per centi- 
meter per second. 

The critical depth z Q , fran. the mouth to the water surface in the 
well at which the critical gradient of the concentration is just barely 
attained, will therefore be 
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5.07X10" 6 



C 0 - Cl 
5.07 


X 10 6 


For our assumption we obtain 


(19.25) 


= R 4 ( 1 - 75 7 . 1-04)X10 „ o r 4 0^9 x 1Q = 1>36xr 4 cm 


5.07XL0 


-6 


5.07 


(19.26) 


The considerations that were adduced here by analogy with thermal 
convection are suitable for those vertical distances that exceed the 
well diameter: 


Z— ^ 2R 


2R C 1.36 R 4 


(19.27) 


Hence, for the well radius 

R 3 = 1.47 cm 3 

R ^ 1.14 cm 


(19.28) 


The critical distribution of the concentration is represented in figure 
56 by the straight line AB. If in the process of drying only the level 
Zj_, but not the level Zq, is attained, then by analogy with figure 35, 

we are Justified .in expecting the mean cross-sectional concentration dis- 
tribution, shown by the curved line AEF. The curved line represents, on 
the average, the critical gradient joining at the. edges with the concen- 
trations CjL and Cq by the exponential transitions. 

Both transitions are the same because there are no losses of sub- 
stance through the well walls, in contrast to the heat losses shown in 
figure 35. Mentally replacing these two transitions by the double trans- 
ition, we obtain the curve AGE 1 . 


The velocity of transfer of the vaporized fluid is practically de- 
termined in its convective part by the diffusion resistance of the ex- 
ponential transitions. This resistance may be evaluated by considering 
the formula of the end phenomena (12.1) as the resistance of a part of 
the well of length 2R. The effect of convection on the process of evap- 
oration is restricted only by a certain lowering of the fluid of the 
active moisture deficit on the surface. This deficit assumes the value 
represented by the sequent 


~rn*7x, 
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EF = 



(z 0 - z) 


Hence, the velocity of evaporation is equal to 


jtR 2 pQdz 

at 


t® 2 D(C 0 



(19.29) 


(19.30) 


On the left of this expression the total flow* of the vapor mass of the 
vaporizing water appears, having the constant fluid density pq. On the" 
right the same flow* is divided into two diffusion components. The first 
of these components represents the "overcoming of the diffusive resis- 
tance" of the exponential transition (with further transfer of this - flow 
by convection); the second component represents the molecular diffusion 
flow accompanying the convection and corresponds to the critical concen- 
tration gradient 


c 0 - C-L 


(19.31) 


well 


Dividing the equation (19.31) hy the area of cross section of the 
jtR 2 and separating the variables, we obtain, after integration. 


dz 

Zq + 2R - z 


P(C Q - Cj) 

Pq2Rzq 


In 


Zq + ZR - Z 

=5 


D(C 0 - CO l 

HRzqPq * f 


D(Cq-Ci) 

Zq + 2R - Z 2RZqPq 

“ * * 

( P(Cq-Ci) \ 

z = 2R + Z 0 \l = e 2RZ ° P ° ) 
where as initial conditions there was set 


(19.32) 


(19.33) 


z = 2R when t = 0 


(19.34) 
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The initial velocity of drying (for t = 0) 

/ dz\ _ p ( c Q - c i) 

V dt /o ^po 


(19.35) 


is found to he inversely proportional to the well radius. - 


The exponential dependence' of z on t is approximately shown in 
figure 57 . At the instant t = tj_, when z reaches the value zq, the 

convection ceases and there remains only molecular diffusion described 
by the simplified equation 


jtR pQdz 2 Cq - C-l 

TT — = jtR^D — = 

dt z 


(19.36) 


Dividing by the area 
successively 



separating the variables, and integrating give 


D(C 0 - C x ) N 

z dz dt 


p 0 


> 


2 2D(C 0 - Ci) 

“ pj 


(19.37) 


The constant of integration tg is chosen so that z 
for that value t^ which corresponds to this instant, 
equations 


2R _ D(Cp - CjJ ^ 

Zq 2RZqPq 1 


z 



2D(C 0 - Cj) 
PO 


(tq + tg) 


is equal to Zq 
according to the 


(19.38) 


Eliminating t-^, we obtain 

p 0*0 „ „ *0 

2D(C q - C^T " t2 t;L D(C 0 - C^) 2R 

Thus 

2Rz oPo pi v z o z 0 

Z 2 ~ D(C q - Cjjl 2 2R 2R 


(19.39) 


(19.40) 
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where the expression in brackets is positive under the assumed conditions. 

The transition of the exponential law of drying to the parabolical 
law proceeds at that level of water in the well which is dete rmin ed by 
the coordinate z = Zq. Substitution shows that the drying curve 

z s z(t) does not suffer either a jump or a break here. 

Thus the actual process of drying water out of wells represents two 
interchanging processes (fig. 57); namely, an exponential aa and a 
parabolical bb. In the parabolical process the humidity distribution 
(now constant in cross section) as a function of the depth of the water 
level is expressed by the straight line AK (fig. 56) . 

It is possible that for the conditions 

2R < z < Zq (19.41) 

in reality, the regime of convection will not be laminar but will be the 
above -critical turbulent regime. This possibility is particularly large 
for small values of z that are very much less than Zq. Before ob- 
taining experimental data on the above-critical phenomena in gases, it 
is difficult to say anything positive on this regime. In these computa- 
tions it is assumed that the magnitude s in formula (l2.l) is equal 
to 2. 
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TABLE X 



g 4 

Ks) 

-► 

s<i) 

**► 

H ( S ) 


* 2 <e) 

fc-o 

~ a 0.1 
Ae 

=3 0.3 

Ae 

A - 

*e “ A = 1 

\s 

X “ 0,3 

m 

o 

N 

0 

0 

6.9282 

7.6210 

9.0067 

13.890 

9.0067 

7.6210 

6.9282 

2.0 

16.0 

6.56 

7.10 

8.17 

11.94 

7.35 

6.04 

5.38 

2.2 

23.43 

6.28 

6.74 

7.65 

10.86 

6.47 

5.21 

4.58 

2.4 

33.48 

5.94 

6.30 

7.03 

9.50 

5.34 

4.15 

3.56 

2.6 

45.70 

5.67 

5.90 

6.37 

7.99 

4.02 

2.89 

2.32 

2.8 

61.47 

5.16 

5.23 

5.36 

5.83 

2.22 

1.19 

.67 

3.0 

81.0 

4.49 

4.36 

4.10 

3.08 

.04 

-.86 

- 1.31 

3.2 

104.8 

3.70 

3.32 

2.57 

-.8 

-.67 

- 3.41 

- 3.78 

3.4 

133.7 

2.76 

2.09 

.76 

- 3.92 

- 5.85 

- 6.40 

- 6.68 

3.6 

167.9 

1.62 

.60 

- 1.42 

- 8.53 | 

- 9.66 

- 9.99 

- 10.15 

3.8 

208.6 

.23 

- 1.17 

- 3.98 

- 13.80 

- 13.96 

- 14.01 

- 14.03 

4.0 

256.0 

1.37 

- 3.20 

- 6.86 

- 19.66 

- 18.70 

- 18.43 

- 18.29 

4.2 

311.2 

- 3.22 

- 5.50 

- 10.07 

- 26.04 

- 23.79 

- 23.14 

- 22.82 

4.4 

347.8 

- 5.25 

- 8.01 

- 13.53 

- 32.85 

- 29.18 

- 28.12 

- 27.60 

4.6 

447.8 

- 7.23 

- 10.30 

- 16.45 

- 37.98 

- 32.92 

- 31.47 

- 30.75 

4.8 

1 

530.9 

- 9.16 

- 12.48 

- 19 . io 

- 42.31 

- 35.90 

- 34.07 

- 33.15 

5.0 

625.0 

- 10.61 

- 13.97 

- 20.69 

- 44.2 

- 36.8 

- 34.7 

- 33-6 

5.2 

731.2 

- 11.71 

- 14.91 

- 21.3 

- 43.7 

- 35.5 

- 33.2 

- 32.0 

5.4 

850.3 

- 12.17 

- 14.99 

- 20.6 

- 40.4 

- 31.8 

- 29.4 

- 28.2 

5.6 

983.5 

- 12.10 

- 14.36 

- 18.9 j 

- 34.7 

1 - 26.2 

- 23.8 

- 22.6 

5.8 


- 11.47 

- 13.00 

- 16.1 

- 26.8 

- 18.7 

- 16.4 

- 15.3 



- 10.46 

- 11.15 

- 12.5 

- 17.4 

- 10.0 

- 7.96 

- 6.91 


TflZ* 













NACA m 1407 


TABLE H 


6 a 3sR 

Ae 

X 

S 4 

2.865 

0 

67.4 

2.9 

.07 

70.7 

3.0 

.31 

81.0 

3.1 

.62 

92.4 

3.2 

1.02 

104.9 

3.3 

1.59 

118.6 

3.4 

2.43 j 

133.6 

3.5 

3.78 

150.0 

3.6 

6.27 

168.0 

3.7 

12.5 

187.4 

3.8 

58.4 

208.5 

3.8317 

00 

215.8 


TABLE IH 


Number of |kR | 
points 
(fig. 8) 


Regime of 


Convection 


Forced 


Temperatures 


4.611 

5.00 

4.00 
3-00 
0 


452.1 

625.0 

256.0 
81.0 

0 


3.00 81.0 5 

4.00 -256.0 2 

4.611 -452.1 0 

5.00 -625.0 -1 


* Present 


Present 


None Warmer upward 

I Warmer upward and 
| at walls 

k Upward Constant along length 

and over pipe cross 
section 

I Colder upward and 
None > at walls 

Downward Colder upward 
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TABLE IV 

[ |KR| - 4.611; (Ml) 4 = -452.1; a - 0.179} 
Vq - Arbitrary scale. ] 


r 

i 

V 

gfffl 2 0 

r 

V 

gffR 2 0 

R 

a 

v a 

B 

a 

v a 

0 

19.79 

408 

0.520 

0.943 

-18 

.043 

19.51 

404 

.564 

-.84 

-62 

.087 

18,98 

392 

.607 

-2.38 

-103 

.130 

18.03 

380 

.651 

-3.63 

-138 

.173 

16.82 

344 

.694 

-4.56 

-169 

.217 

15.27 

310 

.737 

-5.11 ' 

-194 

.260 

13.46 

277 

.781 

-5.27 

-212 

.304 

11.48 

225 

.824 

-5.05 

-227 

.347 

9.39 

178 

.867 

-4-42 

-236 

.384 

7.70 

129 

.910 

-3.40 

-240 

.434 

5.02 

78 

.954 

-1.97 

-242 

.477 

2.92 

29 

.9976 

1.00 

-1.17 

0 

-242 

-242 


02ABLB V 


r 

R 

V 

v m 

gpR 2 0 

V 

w m 


% 

If* 

II 

-625 

(Ml) 4 

= 4625 

0 

-14.8 

-336 

0.0124 

-166 

.2 

-11.4 

-280 

.177 

-162 

.4 

-3.52 

-78 

.66 

-122 

.6 

3.36 

108 

1.28 

42 

.8 

4.80 

174 

1.48 

435 

1.0 

0 

132 

0 

1040 


(Ml) 4 = 

-256 

(Ml) 4 

= +256 

0 

7.50 

112 

0.68 

-12.1 

.25 

5.75 

84.0 

.86 

-9.1 

.50 

2.20 

21.8 

1.25 

14.2 

.75 

-.64 

-50.0 

1.32 

23.7 

.95 

-.485 

-85.0 



1.00 

0 

-92.0 

0 

55.8 


(Ml) 4 ■ 

=: : -81 

(Ml) 4 

* 481 


.33 

.67 

.933 

1.00 


2.89 

2.28 

.945 

.100 

0 


23.2 

17.2 

2.5 

- 10.0 

- 12.8 


1.42 

1.45 

1.37 


-1.45 

-1.71 

11.35 
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TABLE VT 


Substance 

e, 

°c 

o 1 
" P 0 

2/' 

cmr/ sec 

A, 

cal 

>\ X 
II 

£ 

PC, 

cal 

V*. 

l/° cm? 

sec/cm 

° cm? 

Water 

0 

-5X10 -5 

18X10" 3 

0.00132 

13.3 


-2,050 


10 

6.5 

13 

.00136 

9.49 

1.000 

3,600 


20 

18 

10 

.00140 

7.06 

.997 

12,500 


30 

30 

8.05 

.00144 

5.51 

.994 

25,200 


40 

38 

6.59 

.00148 

4.37 

.990 

37,500 


50 

45 

5.56 

.00152 

3.59 

.987 

51,100 


.60 

51 

4.79 

.00156 

3.00 

.982 

65,800 


70 

57 

4.15 

.00160 

2.54 

.979 

82,300 


80 

62 

3.66 

.00164 

2.20 

.974 

100,000 


90 

68 

3.26 

.00168 

1.92 

.970 

121,000 


100 

74 

2.95 

.00172 

1.72 

.965 

144,000 

Mercury 

20 

18X10" 5 

1.15X10-5 

0.020 


0.45 

3,400 

Ethyl alcohol 

18 

iioxio -5 

15X10“ 3 

0.00043 

16 

0.46 

770,000 

Glycerin 

18 

50X10- 5 

8.5 

0.0007 

8, 900 

0.73 

60 

Air 

20 

L 

293 

157X10-3 

0.0000603 

0.722 

0.000282 

100 


TABLE VII. - STANDARD CONVECTIVE 
CURVE FOR WATER 


Temperature, i 

oc 

Vertical 

distance, 

(r) 2 m ' 3 

0 

0 

4 

-4,150 

10 

6,150 

20 

83,100 

30 

270,000 

40 

591,000 
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TABLE VIXI 
Part I 



Temperature, 

°C 

Power, 

% 

cal/sec 

Gradient, 

deg/cm 

(kR) 4 

Nu* 

Remarks 

1 

21.9 

0.012 

0.103 

90 

116 

Model I, preliminary 







diam., 0 

.98 

2 

28.6 

.08 

.97 

108 

260 

Upper set"! 


3 

31.1 

.08 

.83 

105 

295 

Center 


4 

33.5 

.08 

.77 

107 

333 

Lower 


5 

27.5 

.12 

.95 

99 

432 

Upper 

i Model V, 

6 

30.5 

.12 

.85 

104 

455 

Center 

r dlam . , 0.526 

7 

32.5 

.12 

.82 

no 

480 

Lower 


8 

31.5 

.27 

.82 

105 

1030 

Upper 


9 

33.8 

.27 

.66 

94 

1300 

Center- _ 





Mean 104±2 




10 

26.4 

.061 

.087 

103 

495 

Model I, ser . HI 

11 

22.0 

.122 


— 

1420 

Model IV, dism., 3.8 


Part II 



Temperature , 

°c 

Power, 

% 

cal/sec 

Gradient, 

A, 

deg/cm 

(KR ) 4 

Nu* 

Remarks 



12 

36.0 

0.27 

0.80 

121 

1100 

Lower set^ 


13 

42.5 

.49 

1.11 

214 

1440 



14 

45.4 

.49 

1.02 

217 

1500 

Center 


15 

49.1 

.49 

1.30 

308 

1220 

Lower 

MOCL&X V j 

16 

48.1 

.746 

1.90 

377 

1300 

Upper 

al am . , u.o^b 

17 

48.7 

.746 

1.80 

423 

1300 

Center 


18 

54.8 

.746 

2.26 

620 

1040 

Lower 


19 

21 • 1 

0.38 

0.15 

181 

2410 

B 



20 

30.5 

.65 

.39 

560 

1550 




21 

39.8 

1.05 

1.02 

2170 

930 

• 



22 

34.5 

3.80 

1.31 

2260 

2660 

1 



23 

42.9 

1.73 

1.19 

2640 

1300 

■ 

Model I, ser. H, 

24 

37.7 

3.80 

1.62 

3160 

2130 

111 

T dlam 

. , 0.98 

25 

47.0 

1.53 

1.21 

3200 

1120 

■ 



26 

56.5 

2.07 

1.58 

5400 

1130 i 

■ 



27 

50.1 

2.50 

1.83 

5500 

1200 

If 



28 

47.5 

3.80 

2.32 

6300 

1450 

III 



29 

64.4 

2.70 

1.74 

8700 

1310 

E 



30 

29.2 

0.170 

0.097 ■ 

133 ! 

1620 




31 

29.8 

.245 

.152 

217 ! 

1490 




32 

29.9 

.435 

.229 

327 

1760 


Model 

., ser • XIX , 

33 

29.7 

.331 

.231 

328 

1320 


f diam 

, 0.98 

34 

32.9 

.550 

.345 

568 

1470 




35 

36.1 

.680 

.509 

956 

1220 




36 

96.3 

.4* .94. 

2.50 . 

19,500 

1540 

1 




Mean Nu* 
146Q±80 
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TABLE IX 


r-i 

00 

<U 


M 

o 

Q3 

in 

oa 

£ 


i 

Pi 

9± 

r i 


1 

1,065 

472,915 

88 

1,103,985 

88 

-1,065 

2 

570 

1,068,531 

88 

1,412,039 

88 

-3,990 

3 

3,990 

310,279 

88 

517,651 

88 

-570 

4 

1,635 

897,487 

44 

1,384,776 

44 

-7,035 

5 

7,035 

162,731 

44 

5,727,136 

44 

-1,635 

6 

4,560 

621,337 

44 

896,777 

44 

-4,560 

7 

-3,874 

10,206,561 

264 

13,737,022 

264 

3,874 

8 

-3,379 

15,592,945 

264 

18,260,720 

264 

15,755 

9 

-15,755 

5,382,745 

7,642,112 

3,379 

264 

264 

10 

2,809 

<3.10 

r io 

-2,809 


TABLE X. - LOCATION OF THER MOCOUPLES 


Number of thermocouples 

n 

2 

3 

4 

5 

6 

■ 

8 

9 

Latitude, deg 

90 

45 

45 

45 

45 

0 

0 

0 

0 

Longitude, deg 

D 

0 

90 

180 

270 

0 

45 

90 

135 

Number of thermocouples 

10 

11 

12 

13 

14 

15 

16 

17 

18 

Latitude, deg 

0 

0 

0 

0 

-45 

-45 

-45 

-45 

-90 

Longitude, deg 

180 

225 

270 

315 

0 

90 

180 

270 
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TABLE XI. - INVESTIGATION OP CONVECTION IN SPHERICAL CAVIOT 


Number of 
thermocouple s 


Power rates 

0.196 

0.37 

0.595 

1.09 

1.92 

3.00 

4.14_ 

6.5 

3.00 

angle 

20° 

A 

Cooler 

9.5 

3 

3.5 

3.5 

6.25 

9.5 


8.25 

6.85 

1 

+90° 

15.75 

14.25 

14.25 

14.75 

17.1 

21 


25.75 

18.35 

2 


17.5 

16.5 

16.5 

17.5 

19.5 

23 

20 

27 

20.85 

3 

'■ +45° 

17 

15.75 

15.75 

16.88 

19.25 

22.5 

19.5 

26.88 

21.3 

4 


17.25 

16 

16 

17 

19.38 

23.05 

20.5 

26.25 

21.3 

5 


17.75 

16.63 

16.6 

17.5 

19.6 

22.65 

20.75 

26 

20.85 

6 


18.5 

17.5 

17.5 

18.75 

21.37 

25 

22.75 

30.5 

22.35 

7 


18 

17 

17.17 

18.38 

21.5 

25.45 

23 

31 

23-85 

8 


17.9 

16.9 

16.87 

18 

20.5 

24.5 

21.75 

30.75 

23.97 

9 

Equator 

18 

16.83 

16.75 

18 

20.5 

24.25 

21.65 

29.1 

23.72 

10 

18.3 

17 

16.87 : 

18.13 

21 

24.75 

22.88 


23.6 

11 


18.75 

17.38 

17.25 

18.7 

21.25 

25.1 

23.5 " 



12 


18.88 

17.5 

17.75 

18.9 

21.25 

24.25 

23.5 



13 


18.75 

17.6 

17.75 

18.9 

21 

24.5 

25.12 


22.6 

14 


19 

18 

18.25 

19.75 

23.25 

27.5 

26.5 

34.75 

26.1 

15 

-45° 

18.5 

17.82 

18 

19.62 

23.25 

27.5 

27 

35.6 

27.72 

16 


18.8 

17.85 

18.25 

19.75 

23.75 

28 

27.75 

36.26 

27.47 

‘ 17 


19.25 

18.25 . 

18.5 

19.9 

23.62 

27.9 

28 

36 

26.35 

18 

-90° 

19.25 

' 18.63 

19.25 

21.0 

26.12 

32 

32.5 " 

44.25 


B 

Heater 

23.25 

25.25 

27.75 

34.75 

56.25 

64.5 

78 

124.75 
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Figure 5. - Distribution of convection veloc- 
ities v, temperatures 0 3 and heat flows over 
diameter of vertical channel of round cross 
section. Heat conductivity of surrounding 
mass is equal to that of the fluid. 



Figure 6. - Isolines of equal velocities,, 
tender atures,, and heat flows over 
section of vertical channel. Heat 
conductivity of surrounding mass is 
equal to that of the fluid. 
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0 0,6 Ifi -fr 

Figure 7 . - Distribution of velocities and 
temperatures over radius of vertical 
channel of round cross section. Heat con- 
ductivity* of surrounding mass is small, 
equal, or infinitely large in comparison 
vith heat conductivity of fluid. 


Figure 6. - Superposition of forced and free 
thermal convection in vertical channel of 
round cross section. Distribution of veloc- 
ities and temperatures over channel diameter 
for different combinations of magnitude of 
vertical temperature gradient and magnitude 
of volumetric velocity of forced motion of 
fluid. Axial symmetry. 



* 



Figure 9. - Isolines of equal damping expo- 
nents in the plane of auxiliary coordi- 
nates - equidistant straight lines. 



Figure 10. - Xsolines of equal vertical temperature 
gradients in the plane of auxiliary coordinates; 
two families of hyperbolas, referred to their 
a sy mptotes - 



Figure 12. - Position of axes of 
coordinates and components of 
the temperature gradient for 
an inclined slit. Total width 
of slit, 2ft • 


Figure 11. - Xsolines of closedness 
of a channel in the plane of aux- 
iliary coordinates; transcendental 
curve. 


Ta\ 



Figure 13. - Temperature dependence 
of the convection parameter of 
water • 
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Figure 16. - Structural and electrical scheme of metal model for Investigation of thermal convection: abed, 
Dimensions of the braes tube of the model A; e, funnel; B, charge; 1 and 2, two stages of averaging 
thermocouples; t^, working thermometer In Dewar flank; tg, control thermometer In other Dewar; D, 
automatic switch of galvanometer T; 0, neutral load; B, llgnt source; M, photarecording apparatus. 



Figure IT. - Scheme of connecting in automatic 
switch for low- voltage current source: 3, 

Electromagnet of automatic switch; 1, working 
contact, connected in from cam disk of small 
synchronous motor; 2, block contact opened by 
armature of electromagnet at the moment of 
operation. 



Figure 18. - Scheme of connecting in automatic 
switch for high-voltage current source (hard 
rectifier): F, Electromagnet of switch; 1, 

working contact, connected in from cam disk. 
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Figure 19, - Construction 
of movable heater coil 
for thermal investigation 
of prepared model: 1, 

Glass tube) 2, copper 
pulley; 3, high resis- 
tance coil of heater. 



Figure 20. - Ccaistructional scheme of model 
and electrical scheme of thermal investi- 
gation of model: A, Jacket of model; M, 

charge of magnesia j H y movable heater 
coil; nwribere 1 and 8, stages of averaging 
thermometers connected to bars of automatic 
switch. Graduated voltage corresponding to 
7-150(2, 0.3 millivolt B) r, self recording 
galvanometer . 



Figure 21. - Derivation 
of heat balance In 
connect ion with thermal 
investigation of pre- 
pared models: 1, Tube 

of model; 2, movable 
heater coil moving with 
velocity v; S, cross- 
sectional area of model 
tube; dz y element of 
model length. 
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Figure 22. - Variation of tempera* 
given section of model in thermal 
gat ion as a function of time (or 
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Figure 24. - Result of ev 
I . For motion of heate 
ward, the points satisf 
23. Temperature scale: 
lumbers of time marks o 
Zero is taken as 
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Figure 25. - Schematic comparison of laws of heat transfer by 
free convection (table YIIl) . On large scale , position of 
experimental points obtained on different models (different_ 
symbols) : at laminar regime - vertical band) at above- critical 
regime - horizontal band. On small scale, heat transfer 
upward from fluid to fluid - broken line I) from solid body 
to unbounded fluid - curve II; from solid body to solid body 
through fluid layer - curve III. V 



Figure 26. - Spontaneous rotation of azimuth 
of diametral antisymmetry, recorded by two 
pairs of "transverse 11 thermocouples, for 
time interval of 26 minutes. Along axis 
of coordinates the "relative" transverse 
differences of temperature in diameters 
of model D. 



Figure 27/ - Sketch of theoretical 
distribution of velocities v, 
temperatures 9, and heat flows q 
in two sections of model, and 
shape of streamlines ( symmetry 
plane) for case of presence of 
heat losses in walls of model q*. 
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Figure 28. - Assumed distribution of 
velocities v, temperatures 0, and 
transverse temperature differences 
0 + -0_ for model heated from below 
for case of presence of heat losses 
through walls in laminar regime of 
thermal convection. Convection 
ceases at height z = 0. Above this 
section heat transfer occurs only- 
through modecular conduction accord- 
ing to exponential law. Temperature 
of surrounding medium is taken as 
zero temperature. In section z^ 
velocity* has value v m . 



Figure 30. - Linear dependence 
of logarithm of transverse 
steady temperature difference 
on time for attaining convective 
process . 



Figure 29. - Linear dependence 
of logarithm of steady temp- 
erature on time convective 
process takes to reach corres- 
ponding thermocouple. 


sec 



Figure 31. - Result of harmonic analysis 
of photographs of figure 21. The 
linear dependence of (mean) phase angle 
of a heat wave on logarithm of coordi- 
nate of transverse thermocouple. 





Figure 32. "natural" thermal 
vibrations in a model in- 
clined at an .angle of 45° 
to vertical , described by 
center transverse thermom- 
eter* Arrows indicate 
instants of connecting and 
disconnecting of heater 
coil. Power, 3.0 calories 
per second. 



Figure 33. - Apparatus for investigation 
of mean peripheral temperature over en- 
tire length of vertical model: 1, Stand; 

2, piston; S, reservoir with, mercury; 4, 
hot bottom of liquid column; 5, movable 
tube of model; 6, temperature measuring 
resistance coil; 7j water cooling; 8, 
supply reservoir; 9, bridge circuit for 
measuring temperatures. 



Figure 34. - Bridge circuit 
for measuring temperatures: 

6, Measuring resistance coil; 
9, branches of bridge; 10, 
knife switch for indicating 
temperature scale on photo- 
graphs; 11, automatic device 
for indicating aero line and 
time marks on photographs. 
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Figure 55. - Distribution of mean peripheral 
temperature over height of vertical model. 

Left - sketch of displacement along vertical 
of hot .bottom and cold top of water column. 
■Sight - automatic photorecord of temperature $ 
[X - scale- deflection 4° C; 1 - end of non- 
: uteady regime after connecting in heater; 2 - 
temperature of hot bottom; 3 - exponential law 
of distribution of mean peripheral temperature 
in fluid near hot bottom; 4 - ohara ct eristic 
temperature gradient in center part of column; 
5 - exponential lav of temperature distribu- 
tion near cold top; 6 - temperature of cold 
top; 7 “ exponential lav of change with time 
of temperature of top after slmultaneoufi con- 
necting of heater and water cooler. Zero line 
is marked by hourly time marks. 
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Figure 36. - Sketch of apparatus for investiga- 
tion of temperature distribution by method of 
variable- length column: 1 - Vertical model 

tube; 2 - hot bottom; 3 - rubber packing; 4 - 
heater coil; 5 - movable piston - cold top of 
fluid column; 6 - lug for pile driver cable; 

7 - cold reservoir; 6 - fluid column where 
convective motion takes place; 9 - two temper- 
ature measuring resistances forming two arms 
of measuring bridge; 10 - knife switch of 
scale deflection; 11 - automatic device for 
marking time and zero line, 

co 
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Figure 37. - Records of temperature differences by nethod of variable- length column. 



Figure 38. - Method of movable 
plunger : Movable plunger 

on filament; Z } resistance 
thermometer coil; 3, hot 
bottom of model. 



Figure 39. - Optical method of prismatic vessel: 8 , 

Point source of light; C, large objective; A, 
prismatic vessel in which thermal phenomenon is 
produced; B, diaphragm with aperture a; 0 , trace 
of undeflected image of light source; K 9 , <Pi> 
EE, and FB, arrangement of bands of spectrum on 
diaphragm B for various processes in prismatic 
vessel; a, b, and d, various locations of aperture 
a with respect to spectrum bands. 









X 


Figure 40# - Path, of ray In prism 
yith variable index of refraction. 



Figure 42. - Optical method of vertical deflections • 
8, Light source; C, large objective; H/ photo 
objective; k, ground glass or graphic plate; F and 
Q, horizontal knife edges; A, glass tube of model; 
D ; prismatic vessel; B, heater; cold reservoir. 


, CA-2T 


4281 



Figure 41. - Demonstrations 1 variant of optical 
method of prismatic vessel: Sj Crater of arc; 

C } large objective; A, glass prism; B, prismatic 
vessel; Q, projection objective; D, diaphragm 
yith aperture; P, reversing prism; Z, demonstra- 
tion screen. 



Figure 43. - Optical lattice method: 8; Light source; 

A, model plus objective; B, lattice; Q, photo objective; 

Dj ground glass or photographic plate. Path of a non- 
deflected ray and of a ray deflected by model. M 
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Figure 44. - Convection in cylindrical horizontal channel 
observed by lattice method. Vertical straight line is 
plumb line. Two isoline systems: Crosswise systems of 

mutually embracing curves and oval systems in center are 
isolines of equal horizontal gradient; other lines are 
isolines of equal vertical gradient. 



(B) 


Figure 45. - Convection in cylindrical horizontal channel observed by lattice method: 
A, Heating from right, cooling. from left; vertical line if plumb line. B, heating 
from right down, cooling from left up. Two pairs of mutually embracing isolines 
belong with isolines of equal vertical gradients. Isolines forming closed ovals 
in center belong with isolines of equal horizontal gradients. 
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Figure 51. - Model for Investigation of thermal convection in 
a spherical cavity: H, Heater; X, cooler; K, cha nn el for 

filling model vith vater; A and B, location of external 
thermocouples; dots indicate location of 18 interior thermo- 
couples. 


/ 



Figure 52. - Location and numbering of interior 
thermocouples in model for Investigating thermal 
convection in spherical cavity. 
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Figure 56. - Vertical well filled with 
evaporating water and distribution of 
cross-sectional mean humidity. 

Line A2DT corresponds to convective 
process. Line AB corresponds to 
critical gradient of humidity t q , 
critical depth. Line AK corresponds 
to purely molecular diffusion of 
water vapor. 



Figure 57. - Theoretical curve of water 
evaporation in vertical well. The ex- 
ponential curve aa corresponds to con- 
vection regime. Parabola bb corresponds 
only to the molecular diffusion. On 
attaining critical depth, the exponential 
drying law goes over into' the parabolic . 
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(c) 


Figure I. - Examples of automatic photo recordings in thermally investigated models. 
Upper record - 0.3 millivolt, graduation curve (corresponds to 7.15°C) . Lower record 
- datum temperature of Dewar flash. The switching galvanometer cycle (time marks) 

82.5 seconds. Upper photograph A - velocity of heater motion is too small, the curves 
are almost symmetrical. Center photograph B - velocity of heater motion is the most 
advantageous, photograph is suitable for measurements. Lower photograph C - velocity 
of motion is large, increase in temperature is almost independent of velocity of 
heater motion. Graduation record is not marked on lower photograph. On all photo- 
graphs only initial or middle parts of entire length of record are given. 
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Figure II. - Thermal convection in pipe of round cross section observed with aid of 
light- scattering particles. Below - enameled wire of high-resistance heater. Axial- 
synmetrical phenomenon developing inside heater (along periphery fluid rises, along 
the axis fluid descends) spontaneously changes into diametrally anti symmetrical 
phenomenon developing over heater (on right fluid rises, "on left fluid descends) . 
Diameter of tube, 3. 8/4.0 centimeters (model IV, table 8) . 



Figure III. - Form of streamlines photpgraphed by means of light- scattering particles 
(upper part, figure XI ). Tube without heat insulation. Above - face of cold top. 
Sight - fluid rises. Left - fluid descends. — 
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Figure XV . - Nonstatiohary regime of laminar thermal 

connection, determined hy method of temperature record- 
ing with aid of program switch in vertical model. 

Maximum power, 0.54 calorie per second. Duration for 
each power stage, 3 hours. Upper line — record of lower 
set of thermocouples . 



Figure V . - Nonstat ionary regime of "brass rod introduced 
into model in place of fluid. Sharp difference in thermal 
phenomena in solid rod as compared with phenomena in fluid 
(fig. IV) is noted. 


* 
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Figure VI. - Evaluation of figure V^y means of accelerated record. Vertical gaps are 
hour marks of time. A - corresponds to powers: 0.092, 0.186, 0.304, and 0.42 calorie 

per second. B - corresponds to powers: 0.028, 0.056, 0.09,_and 0.13 calorie per second. 
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(A) (B) 


Figure Vir. - Record of starting period in vertical model. Temperature of Dewar 13.2® C . 
Duration of cycle of switching, 82.5 seconds. Record A - 0.48 watt; B - 0.50' watt. 
Pirst occurrence of "natural" vibrations is noted. 
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Figure YHI. - Wonsta t ionary 
regime of themal convection in 
vertical model: Reaching of 

convective thermal process in 
turn to succeeding stages of 
averaging thermocouples. 



Figure IX. - Photorecord of temperature of lower 
averaging thermocouple -upper curve, and two 
transverse thermocouples j lower and upper curves 
below zero line. Note almost ins tantaneous reaction 
of transverse thermocouples , characterizing intensity 
of process of heat transfer, in comparison vith 
smooth reaction of averaging thermocouples, character- 
izing result of process of heat transfer by convection. 
The model axis inclined 45° to vertical. 
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Figure X. - Photorecord of three transverse thermocouples in none tat ternary regime. 
Arrows indicate instants of switching heater on and off. Duration of cycle of 
switching; of galvanometer (distance “between time marks) Is equal to 7*5x4 « 30 
seconds. Model axis Is inclined 4=5° to vertical. 



Figure XI. - Part of record hy transverse thermocouples of forced thermal vibrations in 
model inclined 45° to vertical. Period of forced vibrations,, 6 minutes. Switching 
cycle of galvanometer equal to 5x4 = 20 seconds; power from left to right, 0.174, 0.71; 
and 1.58 calorie per second; depth of modulation in lowering of 20 percent in power. 
Shown are disturbances caused by natural vibrations (at large powers) . 



Figure XXI. - Forced thermal vibrations in model inclined at 45° angle. Cycle of 
galvanometer switching, 7.4x4 *= 30 seconds; powers from left to right, 0.71 and 
1.58 calorie per second; depth of modulation In lowering of 10 percent in power. 
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Figure XIII. - Thermal waves of convection along model inclined 45° to vertical, 
recorded "by three transverse thermocouples. Center of record. Duration of cycle 
of galvanometer switching, 7.5x4 = 30 seconds. Period 6 minutes. Arrows mark 
instants of switching heater on and off. 



Figure jllv . -Record of temperature hy method of movable plunger: 1 - Instant of start 

of plunger from hot bottom; 2 - upper face of plunger enters measuring coil; 3 - 
lower face of plunger issues from measuring coil; 4 - disconnecting of heater. Zero 
line iB marked with hour marks of time. Model vertical. 



Figure XV . - Record by many thermocouples of temperature 
c han ge in displacement method. Double photo reproduction 
of motion of displaced rod upward and downward. Note 
good agreement for both kinds of motion. Model is 
vertical. 
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Figure XVTA. - Record by many thermocouples of changes in temperature by displacement 
method, double photo reproductions. Heating power, 0.09 calorie per second. Model 
vertical. Velocity of photographic plate, 11.8 millimeters per hour. Velocity of 
rod, 11.8 millimeters per hour. 



Figure XVIC. - Same conditions as figure XVIA. Velocity of rod one-eighth as large. 

Agreement of curves in motion of rod upward and downward is better the slower the motion. 
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(A) 



(B) 



(C) 

Figure XVII . - Displacement method. Becord for different heating powers. A - 0.014 
calorie per second; B - 0.056 calorie per second; C - 0.090 calorie per second. 

Hote exponential variation of temperature near face of displaced rod and increase in 
instability for certain lengths of fluid column. Model is vertical. 


> 
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(D) (S) (F) 


Figure X7III. - Convection in vertical slit investigated "by optical lattice method* 
lattice: Rods of diameter, 1.3 millimeters; distance, 1.7 millimeters* gap, 3 

millimeters between axes. Center of 'photograph is vertical plumb line. A - heat- 
ing power, 18 watts; B - 24 watts; C - 35 watts; X) - 58 watte; E - 72 watts; and 
F - 87 watts. Effect of diffraction observed oh photographs D, B, and F from the 
left upward: bands are blurred; on photograph E same is observed on right downward. 
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(A) (B) 


Figure XIX. - Convection in inclined slit investigated "by lattice method. Letters C, 

H, and U denote cold, hot, and upper part of model. Power, 87 watts. Photograph A - 
inclination 15° to vertical, B - 35 to vertical. Note apparent curving of plumb 
line because photo objective was focused on central plane of model; the plumb line* 
being closer to objective. Objective in strongly deflected rays forming image of 
lateral parts of model n saw” plumb line to right of central plane of model; in non- 
deflected central rays, to left of central plane of model. 


C U 



H L 


Figure XX. - Convection in horizontal slit investigated by lattice method. Letters 
C, H, U, and L mark cold, hot, upper, and lower parts of model. Heating power, 64 
watts. Lattice rods horizontal. Vertical plumb line is seen. Bands Indicate 
presence of convection (Lap la clan of temperatures not zero) . Wave- like form of 
bands indicates cellular structure of convective flow; lowering of bands corres- 
ponding to downward flow, raising to upward flow. 
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Figure XXX. - -Part of five day phot orec or ding of temperature distribution along model 
rotating about horizontal axis. Rotation cycle, 24 hours. Time increases from right 
to left. Lowerings of record correspond to positions "heater below," convective 
motion taking place. Risings of record correspond to "heater on top," heat transfer 
by molecular conduction. Temperature of aluminum jacket is the zero .temper a ture. 



Figure XXII. - Photorecord of temperature distribution along rotating model (one 
rotation per 24 hr). Arrow indicates direction of rotation in arrangement where 
heater is below. Convection produces equidistant-photorecords of temperatures of 
equidistant thermocouples. Temperature of hot thermocouple is taken as zero curve 
(circular record). Dotted peripheral record corresponds to temperature of aluminum 
Jacket. Note unsteady initial period at start of recording. Heating power is 
approximately one-half to one- third as large as in preceding record. 
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Figure XXIII, - Photorecord similar to preceding record- Heating 
power ll/2 times smaller than on last record - 



Figure XXIV. - Double reproduction of photographs XXII and XXIII. Both photo records 
coincide in convective part. 
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Figure XXV . - Fhotorecord of temperature distribution along a rotating model. Velocity 
of rotation once per 24 hours. Direction of rotation indicated by arrow. Temperature 
_ of coldest thermocouple is zero (arc of circle) . Temperature of equidistant even aver- 
aging thermocouples is recorded upward. Temperature of jacket is recorded below. Above - 
critical regime of thermal convection arises for almost vertical arrangement of model. 
Note remains of unsteady starting regime at start of record. Heating power is moderate. 



(A) (b) 


Figure XXVI. - Same as on preceding figure, considerable heating power. 
Sensitivity of galvanometer reduced. Jacket temperature is recorded 
below (this record does not appear on photo b) , Temperature of datum 
(Dewar) recorded lover. 
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Figure XXVTI • - Same as cm preceding figure. Sensitivity 
increased. Photograph shows clearly character of 
unsteadiness in above- critical regime. 


NACA - Langley Field, Va. 



